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0 Notes and Notation

Proving the Prime Number Theorem (PNT) might have been sufficient for a senior exercise; it is
a beautiful fact which is nontrivial to prove. I had thought about Dirichlet’s theorem on primes in
arithmetic progressions as well, but I thought that both would be too much, so my real plan was to
do one or the other. Once I finished the proof of the PNT, however, I had some momentum, and 1
was having fun. Sure, I had learned about Abel’s Lemma, the Dirichlet test for convergence, and
the Leibniz integral rule, but all of these seemed to me disconnected tools, used together here only
because they happened to be necessary for the proof. I longed for unity or, as least, something
which I could add to make this exercise a whole. Since the Dirichlet theorem interested me, here
is what I came up with. I asked the questions “Do there exist infinitely many primes” (in the set
of natural numbers N or in arithmetic progressions in N) and, if so, how are these primes (in N or
in these arithmetic progressions) distributed — that is, how dense are they in N? Euclid and, later,
Euler answered the first half of the first question; Dirichlet answered the second half; the Prime
Number Theorem (PNT) answered the first half of the second question; and the generalized PNT
answered the second half.

The answers to these four questions form the outline of this exercise. Along the way, we
will do some analytic number theory: we will define the Riemann (-function and the Dirichlet
L-functions; we will do some complex analysis: we will use the notion of compactness several
times (thank you Professor Schumacher), continuously deform contours of integration (thank you
Professor Holdener), and “analytically continue” functions; we will do some abstract algebra: we
will use Lagrange’s theorem multiple times! (thank you Professor Aydin), prove that ZLpe is cyclic
for odd primes p, and define Dirichlet characters on Z, for all positive integers ¢; and, at one point,
we will even do some probability theory (thank you Professor Hartlaub).?

The following notation will be used throughout the paper:

N the set of positive integers 1,2, 3, ...
Z the set of integers ..., —1,0,1,...
R the set of real numbers
C the set of complex numbers
Ly the ring Z/qZ
Zy the multiplicative group of invertible elements of Z,
R(s) denotes the real part of s € C
3(s)  denotes the imaginary part of s € C
(n) the Euler totient function
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the Riemann zeta function (defined below)

In the words of John B. Fraleigh, author of A first course in abstract algebra: “Never underestimate the power
of a theorem which counts something!”

2I also want to thank Professor Milnikel and Professor Brown; a large portion of what I understand is understood
because I understand linear algebra.



1 Introduction

Prime numbers are the building blocks of the natural numbers, just as atoms are the building blocks
of molecules. Though we cannot understand everything about the natural numbers via meditations
on the primes, we can surely learn a lot!

A prime natural number is an irreducible number. That is, the only divisors of a prime are 1
and itself.3 Also true is the fact that if a prime number p dividing a product ab of two integers a
and b, then either p divides a or p divides b. This fact can be used to show that the factorization
of natural numbers into primes is unique. Since every natural number can be factored into primes
(using the fact that the quotient obtained by divided a number by a prime is strictly less than
the number), we conclude that, for all natural numbers n > 1, there exists a unique set of primes
p1 < p2 < --- < pr and positive integers aq, ..., a, such that

.

— Ak

n=]]w"
k=1

Here the nature of primes as building blocks is clear.

In this exercise, we shall take interest in the distribution of primes in the natural numbers. We
ask: How many primes are there? About how many primes are there less than a given x? How
many primes are there of the form a-+bn where a and b are integers? And finally: About how many
primes of the form a + bn are there less than a given 27 These four questions form the skeleton of
this exercise.

3We do not count 1 as a prime for a few reasons, the most important of which is to preserve unique factorization.



2 Primes in the odd integers

Since we do not count 1 as a prime, and since we do not count 0 as a natural number, we might ask
if 2 is prime. This is obvious, since 1 and 2 divide 2, and there are no other natural numbers less
than 2 which could divide it. Therefore 2 is the smallest prime. In fact, it is the only even prime.
For if n is an even natural number besides two, then n = 2m for some natural number m > 1,
and this implies that (at least) three natural numbers — namely, 1, 2, and m — all divide n. Two
is the smallest prime; two is the only even prime; and many ways, two is the oddest of all primes.
Because two is so special, we choose to ignore it throughout most of this paper. So we start by
studying the distribution of primes in the odd integers.

2.1 The infinitude of primes

From the definition, we see also that 3, 5, 7, 11, and 13 are all prime and that (by skipping to
triple-digit numbers) 101, 103, and 107 are all prime. If we work a little harder, we would find that
1009, 1013, 1019, and 1021 are prime. In fact, no matter what power of 10 we go up to, we will
always be able to find another prime. The reason:

There exist infinitely many primes.

One incredible proof of this was given by Euclid. I might say that no senior exercise on the
distribution of primes would be complete if it lacked this proof. It makes the non-mathematician
smile; it makes us squeal.

The proof goes as follows: Suppose there are only finitely many primes. Denote them by
P1,P2, - -+, Pn. Define the natural number N by

n
N=]]pe+1.
k=1

As we mentioned (but did not prove) above, we can write
n
N =[] e
k=1

where the aj, are nonnegative integers.* But then if a;, > 0 for some k, then p; divides both N and
N — 1, which means that pp = 1, a contradiction. If ap = 0 for all k£, then N = 1, contradicting the
fact that V > p; + 1 > 1. Therefore, there must exist infinitely many primes.

Like all great mathematical theorems, this one has multiple proofs. A second proof is in order
for two reasons. First, it will prove a stronger fact from which the infinitude of primes follows
immediately. Second, it will introduce us to the Riemann zeta function, a fundamental function in
analytic number theory. But before we get to this, we prove an important result which we will use
throughout the paper:

Theorem 1. Let x : N — C be a completely multiplicative® bounded function, and (formally) define
L(s,x) for all s € C by

L('SvX) = Z Xé?)
n=1

1Before we specified that each ap > 0, but we allow some ay to be 0 here so we can more easily and clearly write
N as a product of the primes.
®That is, x(mn) = x(m)x(n) for all m,n € N (without restriction).



Then L(s,x) converges absolutely for all R(s) > 1 and has the following product representation
which converges absolutely for all R(s) > 1:

1
L(s,x) = 1;[ W
where the product is over all primes p.
Proof. For a prime p, consider the series
i <x(p)>k _ i X (")
o\ P k=0 P e

for a variable s € C. Since x is bounded, there exists a real number M such that |y(n)| < M for
all n. Therefore,

<1 < /1 0\ M
<M =M — ) = <
kzo ’pk’s| ;) <p§R(s)> 1— —R(s)

b

since p~ ™) < 1, so this series absolutely converges for all prime p. If we enumerate the primes
p1=2,po =3,p3=>5,..., then for all N € N,

N;_N 00 (X(]%))kj _N I~ M
e L Pt B R L Pt

Since we can multiply convergent series in the natural way (see Appendix A.4.2), this product is
equal to

o NX<pj)

> ()5 i<<>) )

ki=1 =1 \j=1 pj ki=1  ky=1 neSny

where Sy is the set of positive integers whose greatest prime divisor is less than or equal to N.
(That is, Sy is the set of n € N such that p < N for all prime p which divide n.) The justification for
this last step is what makes this proof beautiful. We first note that the multiplication of absolutely
convergent series yields another absolutely convergent series. So rearranging the terms is justified.

To show that the sums are equal, we show that each term in each sum shows up in the other,
and that no term shows up twice in either sum. Starting on the left side of the equality, to each
(k1,...,kn)-term corresponds a unique n € Sy, namely, n = p]fl . ~p§€VN, such that the (k1,...,kN)-
term on the left equals the n-term on the right. On the other hand, given the n-th term on the right,
since n € Sy, n has a factorization into primes less than or equal to py. Since this factorization
is unique, there exists a unique N-tuple (k1,...,ky) such that the n-term on the right equals the
(k1,...,kn)-term on the left.

Since the terms in each series show up exactly once in the other series, the series are equal.
Finally, since every n € N can be factored into primes,

D IR L TN}
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and since
oo

n=0

x(n)

=1
<
_anon%(s) < 00,

the series L(s, x) converges (absolutely) for all R(s) > 1, giving us

N
L(s,x) = lim Z XT(::): lim H ! H;

N=oo on i L= x(ip;® 1—x(p)p=’

as claimed.
Finally, to show that the product converges absolutely, it will be sufficient (see Appendix A.4.1)

to show that the series )
_ 1
2 (1 —x(p)p~* )

p

converges absolutely. But this is straightforward. We have that |x(n)| < M for all n € N. For a
technical reason, redefine M if necessary such that |x(n)| < M and p™) £ M for all primes p.
(This is always possible because the set of all p™(s) is a discrete subset of R.) Then

| TR Y

p

X(p) !
IS AN Y V) Y —
p* = x(p) ’ - ; nis) — M
and this finite because R(s) > 1, so the product converges absolutely for f(s) > 1. O

With this fact, we make a definition and derive an amazing corollary.

Definition 2. Define the Riemann zeta function ((s) for all s € C by
oo
1
(s) =) —-
n=1 n
(Note: we will often omit the bounds on the sum; when we do so, it should be assumed the sum
over n is over n € N.)

Clearly, if x(n) =1 for all n € N, then L(s, x) = ((s) (in the notation of the previous theorem).
Since the constant function x(n) = 1 is completely multiplicative and bounded, we obtain the
following corollary:

Corollary 3 (Euler’s product formula). The Riemann zeta function converges absolutely for
all R(s) > 1, and it has the product representation

1 1
ZEZC(S):Hl—ip—S’

which also converges absolutely for R(s) > 1.

Meditations on the equality of this infinite sum and infinite product are good for the soul, 1
believe, if and only if one understands the equality. Euler sure did, and his soul was well. The
equality in Corollary 3 has been called the “all-important formula” and the “golden key” by Havil®
and Derbyshire,” respectively.

SHavil, J. The All-Important Formula. Princeton, NJ: Princeton University Press, 1979.
"Derbyshire, J. Prime Obsession: Bernhard Riemann and the Greatest Unsolved Problem in Mathematics. New
York, NY: Penguin, 2004.



Furthermore, this equality is an analytic one, yet it is equivalent to the Fundamental Theorem
of Arithmetic. For we used the Fundamental Theorem in our proof of the equality, and, conversely,
if the equality holds, then every n € N, the n-term in the series must correspond to one and only
one term in the infinite product, once the multiplication is performed.

Using Corollary 3, we can easily provide our second proof of the infinitude of the primes.
Considering the series representation of ((s), we see that ((1) is the harmonic series which diverges
to infinity. Suppose, there existed finitely many primes. Then by Corollary 3,

s—1t s—1t

. . 1 1
lim {(s) = lim 1pS:1;I1p1<oo,
which contradicts ((s) — oo as s — 17.

2.2 The Prime Number Theorem

With the infinitude of the primes proven, one might ask how “dense” the primes are in N. For
example, the sequences 2,4,6,8,... and 4, 16, 64,256, ... each contain an infinite number of terms,
but the first sequence, in a sense, contains many more terms. To make this notion rigorous, we
could define

1 (z) = #{2m|m € N,2m < z}
and

Ya() = #{4™m € N,4™ < a}.

1 logzx :
ogd o which goes to 0 as

Then 1(x)/x is approximately % while ¢y(z)/z is approximately
x — oo and is therefore less than %

In a similar way, we give one (famous) answer to the density of primes question by defining the
function

m(x) = #{p < z|p is prime}.

Then, for example, 7(6) = #{2,3,5} = 3 and n(7) = #{2,3,5,7} = 4. We will use this definition
of (x) throughout the paper.

The Prime Number Theorem (or PNT) gives us an asymptotic formula for counting the number
of primes less than . The PNT states that 7(z) ~ ;7 where the logarithm is taken base e (here

and throughout the paper) and the notation f(z) ~ g(z) means that

mmzl.

w20 g(2)
That is, to count the number of primes less than, say, 1000, we could calculate 1000/ log 1000 =~
144.76. The actual value is 7(1000) = 168. The ratio of the actual value to the approximate is
about 1.161. If we do the same for a million, we have 7(10°) = 78,498 and 10°/1og(10°) ~ 72, 382.
The ratio between these values is 1.084. As we will prove, this ratio converges to 1.

As an interesting aside, one might notice the presence of the transcendental number e in the
formula given by the PNT. Given how uncomfortable the Greeks were when they discovered the
irrational numbers, imagine how distraught they would be upon discovering that e shows up in a
theorem describing the density in N of the multiplicative building blocks of N. This is an elementary
question, yet the answer requires, not just irrational numbers, but transcendental numbers! Perhaps
this is part of the reason why algebraic prodigy Niels Abel described the PNT as “perhaps the most
remarkable theorem in mathematics.”



2.2.1 History of the Prime Number Theorem
A timeline of the history of the PNT is as follows:

1793 Gauss begins thinking the function 7(x).

1798 Gauss and Legendre conjecture something close to the PNT; Legendre specifically conjectures
that 7(z) = g1z 775 where A =1 and B = —1.08366.

1848 Chebyshev proved that if m(z) ~ 2/ logz™ for some positive integer N, then N = 1.

1852 Chebyshev uses elementary properties of the factorial and logarithmic functions to show that
there existed xg such that for all x > xg,

()

B <

ot O
W

<
x/logx
where B ~ 0.921 and $B ~ 1.11.

1892 Sylvester improved on Chebyshev’s bound, increasing the value of B to about 0.956, but he
closes his paper with a pessimistic comment about the generalizability of Chebyshev and his
(elementary) methods.

1896 Hadamard and de la Vallée Poussin applied Hadamard’s theory of integral functions to the
Riemann zeta function, as well as a simple trigonometric identity to prove the PNT.

1921 Hardy asks whether he should believe that there exists an elementary proof (i.e., one which
does not involve complex analysis) to what seems like an elementary fact about the natural
numbers.

1932 Landau and Wiener provide simplified proofs of the PNT.

1948 Paul Erdés and Atle Selberg find a truly elementary proof, to the surprise of Hardy and many
others. (The development of the proof and of the controversy over who got the credit is an
interesting story, which is summarized in [G].)

1980 Donald Newman, following in the footsteps of Wiener and Ikehara’s simplifications, simplifies
contour integral methods used in older proofs, to both avoid estimates at oo and the use of
Fourier transforms. D. Zagier’s summarized proof spans only three pages.

Many great theorems have multiple proofs. As this brief history hopefully shows, the PNT is
not lacking in proofs. The proof we give is essentially Newman’s, but we follow Zagier’s paper,
which pulls results from Euler, Riemann, Chebyshev, Hadamard, de la Vallée Poussin, Mertens,
and Newman.

2.2.2  An analytic theorem

Before we get to Newman’s proof of the PNT, we first state and prove what we, following Newman,
will call the Analytic Theorem. It is, for his purposes, a lemma, so we state and prove it here. The
result is the most difficult to prove of the sequence of facts Newman proves on his way to proving
the PNT. It might seem unmotivated, but rest assured: it is just what we need! But first, for our
purposes, we prove the following lemma (the proof of which must have been so obvious to Zagier
that he felt no need to mention it in his paper):



Lemma 4. Fix R > 0. Suppose g : C — C is holomorphic on R(s) > 0. Then there exists n > 0
such that g is holomorphic at s for all s € C such that |s| < R and R(s) > —n.

Proof. Since g is holomorphic for £(s) > 0, it is (in particular) holomorphic on
Ag={seC:R(s) =0,[s| < R}.

By definition, for each s € Ag, there exists rs > 0 such that g is holomorphic at each point in the
disk By, (s) = {w € C: |w — s| < rg}. Because this disk is open, it makes sense to say that g is
holomorphic on the disk or, more loosely, at each point the disk. Since Ag can be written

Ap is clearly closed and bounded, which means that it is compact. Note that

so by the definition of compactness, there exist s1,...,s, € Ag such that

U Bri(sk) 2 Ao,
k=1

where we have set r, = r, for each k to simplify the notation. If needed, relabel the n points
S1,...,8p such that y; < y2 < -+ < yp, where y, = I(sg) for each k. Also, if By, (sx) C By,(s;) for
some k # [, then throw out s; from the list and relabel.

Next, define wyg = —Ri, w, = Ri, and

(sj4+1 — irj41) + (85 + irj)
2

wj; =

for all j = 1,...,n — 1. As is clear from Figure 1, wg € By (s1), wp € By, (sp), and w; €
B,;(85) N By, (sj+1) for each j =1,...,n — 1. Therefore, since each B, (sx) is open, which also
implies that the intersection of any two is also open, we can choose positive numbers 7yg, ..., 7,
such that By,(wo) C By (s1), By, (wn) € By, (sn), and By, (wj) € By, (s5) N By, (sj+1) for all
j=1,....n—1. Set n = %min{no,...,nn}. Then for each j = 1,...,n, both w; —n € B, (s;)
and wj_1 —1n € By, (s;). (The % in the definition of  was so that we could claim that the w; — 7

are in the balls.) Since balls are convex, this implies that, for each j = 1,...,n, every point on the
segment connecting w; and w;_1 is in By (s;) and is therefore in (J;;_; By, (sx). Since the union of
these segments is the segment connecting wg = —R¢ and w,, = Ri, we have that

A*TI - U BTk(Sk)v
k=1

where
A, ={-n+iy: —R<y <R}

Furthermore, given any s = o + it € C such that |s| < R and —n < o < 0, we have it € Ay and
—n+iy € A_,, which implies that iy, —n+1iy € Up_; Br.(sx). In fact, since —n+1y is further from
each sj than iy, there exists k such that iy, —n + iy € By, (sx). Thus by the convexity of By, (sk),

10
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Figure 1: This figure demonstrates how we choose the points wj;; here, the balls centered at s1, s2,
and s3 cover Ay.

—n' + iy € By, (sg) for all n’ € (0,7). Since s = o 4 iy was an arbitrary complex number such that
|s| < R and —n < o < 0, we have that

Ay € | Bry(sp)
k=1

for all —n < —n' <0 (where A_,; is defined in the same way as A_,). So, in fact, the union of all
such A_,/ is contained in (J;_; By, (si), which (remember) contained only points at which g(s) is
holomorphic. Therefore, g(s) is holomorphic on

U Ay ={o+iy:—n<o<0,-R<y<R}
—n<-n'<0

In particular, g(s) is holomorphic for all s € C such that |s| < R and R(s) > —n. O
Now we move on to the theorem.

Theorem 5 (Analytic Theorem). Let f(x) be a bounded and locally integrable function® and
suppose that the function g(s) = [;° f(x)e**dx, defined for R(s) > 0, extends holomorphically to
R(s) > 0. Then [;° f(x)dx exists and is equal to g(0).

Proof. For all T' > 0, define
T
9r(s) = [ fla)e e
0

8 A locally integrable function is one whose integral is finite over any compact subset of the function’s domain.

11



We wish to show that lim7_, g7(0) = ¢(0), as this would prove the theorem. Our strategy will be
to estimate the difference between ¢gr(0) and g(0) in terms of a contour integral in C, and to prove
that it goes to 0. To this end, let € > 0.

Our first step is choosing real numbers M, R = R(M,€),n =n(R), M' = M'(n, R), 6 = §(n, M),
and Ty = To(0, ¢, M’, R). We will then let T' > Ty, and show that this implies |g7(0) — g(0)| < € by
means of an estimate of a contour integral.

To begin, we know that f(z) is bounded. Choose M > 0 such that |f(z)| < M for all z > 0.
Next, choose R > 3M/e. Given R, use Lemma 4 and choose 1 > 0 such that g(s) is holomorphic
at all s € C such that |s| < R and —n < 0.

Since g(s) is holomorphic on the closed and bounded — that is, compact — subset containing
all s € C such that |s] < R and o > —n, g(s) is bounded on this set. Choose M’ > 0 such that
lg(s)| < M’ for all s in this region.

Next, choose > 0 such that 6 < n and

sin~! ) < ks
R oM’
(Note that such a § exists, because sin~!(6/R) — 0 continuously as § — 0.) Finally, choose Ty > 0
such that

STy moE€
18RM""

(Again, 6 > 0, so e =10 — 0 continuously as Ty — oo, so this is possible.) Let T > Ty. We claim

that [g7(0) — g(0)] <e.
To compute this estimate, we rewrite this difference as the value of a contour integral. Define
the contour C in C as the boundary of the region

e

{seC:|s| < R,R(s) > -6},

positively oriented. Around this contour, we will integrate

bis) = (or() —gls)e” (14 35) &

s
Note the following
e ¢(s) is holomorphic on C' (by our choice of §, which is less that 7, so g(s) is bounded on C.

e By the Leibniz Integral Rule (see Appendix A.2, since 0 and 7" do not depend on s,

d T 9 Y SRRy
G = [ (@) do= [ f@) ).

Since f(x) is locally integrable, the integrand is locally integrable. Therefore, this integral,
which is the derivative of gr(s), exists for all s € C. So gr(s) is entire and, as a result,
bounded on any bounded subset of C.

o 5T (1 + 5%/ RQ) is entire and, as a result, bounded on any bounded subset of C.
e s~ ! has a simple pole at s = 0.

e A(s) is holomorphic except for a simple pole at 0, since it is the product of s~! and functions
which are holomorphic inside C.

12



From these considerations, since 0 is in the region of which C' is a boundary, Cauchy’s Residue
Theorem implies that

/Ch(s)ds = 2miRes(h,0) = 2xi lim sh(s) = 2mi(gr(0) — ¢(0)),

S—>

where the last equality follows because g(s) and gr(s) are holomorphic and therefore continuous
at 0. From this, we reevaluate our goal: We must show that

/Ch(s)

We split the estimate into three pieces. Define Cx = C'N{s € C: £R(s) > 0}. Then

/C h(s)ds

1

> = lgr(0) - 9(0)] < e.

< h(s)ds

Cy

+

For the first integral, we note first that, since £(s) > 0 for s € Cy,

/ " fa)e | < / i (@)e T dn
T T

< M/Oo e R gy = M e~ RE)T
N T R(s)

l9(s) — gr(s)| =

for all s € C. Also, since |s| = R for s =0 + it € C,

2\ 1

T 20| o + it| R3
2eRET |R(s)|R72.

Therefore, if we denote the arc length of Cy by ¢(C),

/C ) h(s)ds

< (O ) max [h(s)]

seCy
2nRN\ (M _por ( wer2R(s)
< () (2 Js)
- < 2 )(&e(s)e © R
B 2 M
N R
€
2 —
< 7T3

(since R > 3M/e). So far, so good. Now we estimate the second piece. Since gp(s) is entire, we
can continuously deform® C_ into C’. = {s € C: |s| = R, R(s) < 0} and replace the integral over

9See Appendix A.1.1.

13



C_ with the integral over C’ . Now for all s € C”_,
jgr(s)] < /0 F@)le swdx<M/
_ M ( ~R(s)T 1) <

and, as in the first integral,

So

¢(C") max

seC’ gT( )

2 M
R

€
< ors.
T3

Finally, we estimate the third integral in three parts. Let

O, = {seC_:R(s)= -5},

2
1
(1)

arik (M §R(s)T> < R(
< — e 2e
-2 (W(SN

Cy = {seC_:R(s)>—64S(s) >0},
C3 = {seC_:R(s)>—0,3(s) <O0}.

These three contours clearly partition C_, so

/9() <1+R2>dj <

For the integral over C4, we have ¢(C1) < 2R, |g(s)| < M,

J=1

. _ moe
| = e 0T < o~0T0 v
(by our choice of Tp), and )
'<1+;2> i‘ <(1+1)
So
T 52\ ds
/019(8)6 <1+ R2> S| S HUC)max|g(s)e’

< (2R)M’e’5T2

1)
- ARM' [ nde
1) 18M'
€
= 27—.
™9

14

2
<1+R2

o7 R(s)|

R2

)l

)



For the integral over Cy, we have

o TeR
i1
¢(C3) = Rsin <R> < 9ar
(by our choice of §), |g(s)| < M, |e*T| = eRET <1, and
52\ 1 12
1+ = ]-1<(14+1)==—.
(i) il=0mmg=s
So
2 2
T 52\ ds T s\ 1
/02 g(s)e (1 + R2> " < K(Cg)gréfgj g(s)e (1 + Rz) 3‘
<

(ms () or (3)
meR\ 2M'
M’ ) R

= 27r£.

9

A similar — no, an identical — calculation yields the same bound for the integral over C'5. Therefore,
the third integral in Equation 1 is bounded by

€ € € €
2m— 4+ 27—+ 2m— = 27—
Tg TAT T Ty

which means the the integral over C' is bounded by

27rE + 27rE + 27rE = 27e.

3 3 3
So
27]g7(0) — 9(0)] = / h(s)ds| < 2me,
C
which, after dividing both sides by 27, gives us our result. O

2.2.3 Newman’s proof of the Prime Number Theorem

The proof follows Zagier’s sequence of steps, up to some reordering of the lemmas (including the
analytic theorem). Zagier was kind enough to leave plenty of details for the reader to work out. For
example, his proofs of Lemmas 10, 12, and 13 are two sentences long, and his proof of Lemma 11 is a
mere three. I have greatly expanded on his proofs with the intention of making it understandable to
the undergraduate who has had some analysis. My hope is that one could read this and understand
it in one (possibly long) sitting, as opposed to the multiple (infinitely long) sittings which I have
required. We begin with a definition:

Definition 6. For all x € R and s € C, define

logp
D(s) = Z p and Y(z) = Zlogp,
p p<z

where the sums over p run over the prime natural numbers.

15



With these definitions in hand, we prove the Prime Number Theorem (following [Z]). The proof
follows easily from a sequence of steps, which we prove here as lemmas. The first two lemmas build
up to the third:

Lemma 7. For R(s) > 1, ((s) and ®(s) are absolutely convergent.

Proof. Corollary 3 proves that ((s) is absolutely convergent, so we must show that ®(s) is too.
Suppose o = R(s) > 1. Then consider that

2

p

logp
pS

o
logn _ log2 /°° logn

< < dn.

oyl 2, Tl

n=2

A computation shows that the value of the integral is (¢ —1)~2 when o > 1, from which we conclude
that ®(s) absolutely converges for all o > 1. O

Lemma 8. For all 6 > 1, ((s) and ®(s) are uniformly convergent on o = R(s) > 0. (When this is
the case, we say these series are locally uniformly convergent).

Proof. We use the Weierstrass M-test. Fix § > 1. For all n € N, set M,, = n~% and M) = n=%logn.
Then because § > 1, both > >° | M, and ) >, M) converge. Also, [n™*| = n=% < M, and
In"*logn| = n"%logn < M), for all o > 1. So by the Weierstrass M-test, ((s) and ®(s) converge
uniformly for ¢ > 4. O

From these two lemmas we can prove the following lemma:
Lemma 9. For R(s) > 1, ((s) and ®(s) are holomorphic.

Proof. Let o = R(s) > 1. By Lemma 8, {(s) and ®(s) converge uniformly at s. Then if we can show
that the “termwise derivatives” of these series also converge uniformly at s, then we could conclude
that (’(s) and ®'(s) exist and are equal to their respective termwise derivatives (see Appendix
A.1.2).

To do this, we compute the series of termwise derivatives, obtaining

= d 1 B . logn d logp log? p
2o 2 e T

These are clearly uniformly convergent by the Weierstrass M-test; the argument is similar to that
which proved Lemma 8. O

In the next two lemmas, we modify ((s) and ®(s) slightly so as to enlarge the region over which
it is holomorphic. More specifically, we subtract (s — 1)~! from both functions and prove that the
“modified” functions are holomorphic over some larger region.

Lemma 10. For o = R(s) > 0, ((s) — 1/(s — 1) is holomorphic. (That is, ((s) — -%; extends
holomorphically to R(s) > 0.)

Proof. For ¢ > 1, we have

16



Furthermore, this series absolutely converges for o > 1 since

> ”+1dm 1 1
< — = —— ) = < 0.
S [T () e

=1

o0

n+1 d
Y=

n=1

Therefore, since the series for ((s) also converges absolutely for ¢ > 1 by Corollary 3, we can
subtract the series termwise, obtaining

oo n+1 d &8 n+1 d oo n+1 1 1
SO AR o B o) R G I8 ®

which is an absolutely convergent, holomorphic function for o > 1 (because ((s) and (s —1)~!
for o > 1).

Now we show that this series converges absolutely for all ¢ > 0. We evaluate the following in
two different ways. On one hand,

n+l px du
s / / i
n n U

¢(s) -

n+1 1 1
n n i

On the other hand,

n+1 s s
et £ () = m ) max [] < 0
n<u<wz
SO - ) -
S S
S ()=
Py +17
n=1 n n’ z® n=1 n?

which converges because o + 1 > 1. Hence the series in Equation 2 converges absolutely for o > 0.
Now consider the termwise derivative of the series in Equation 2:

() -2a ) Gs)ee

(Note the use of the Leibniz integral rule again!)
If this series converges uniformly for ¢ > 0, we will conclude that ((s) —(s—1)"! is holomorphic
for o > 0. To prove this, we use the same trick as before:

ntl /o] 1 1—sl
/ (— ogsn + ng) dw' < ;(l)gu) dudzx
n n T u

o0

Z/”H (_logn N log:c) .
n ns s

n=1

n+1

1—slogu
< — — =
< (n+D)=nle-n) max |—
n<u<lx
1+ olog(n+1)
— no.+1 )
which implies
> ntl logn logx . 1+olog(n+1)
L i

Since o + 1 > 1, the series for %(C(s) — (s —1)71) converges absolutely and therefore exists. [
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Lemma 11. For o = R(s) > 1, {(s) # 0 and ®(s) — 1/(s — 1) is holomorphic.

Proof. First, for o > 1, the product representing ((s) converges absolutely by Corollary 3, hence
it converges to a nonzero finite number (see Appendix A.4.1). Later in the proof, we show that
((s) # 0 for ¢ = 1 on our way to showing the second half of the result.

By Lemma 9, ®(s) is holomorphic for #(s) > 1. So since the same is true for (s — 1)}, the
result clearly follows for ®(s) > 1. It is left to show that ®(s) — (s — 1)~! is holomorphic for
R(s) = 1.

As a first step, note that ®(s) and the series > p~*(p° — 1)~!logp converge absolutely for
o > 1. Hence

log p 1 1 logp
o0+ Y ity = S (5 ) = T )

Now consider that

q#p
_ —p Clogp\
- §<—rww 7)
- =2 ()

Equating Equations 3 and 4, solving for ®(s), and subtracting (s — 1)~!, we obtain

1 rd(s) 1 logp
20~ 3= (G0 ) S e ®)

P

Considering that

log p ‘ < log p logp
P =1~ (p7—1)2 T 4p*

we could prove that the sum over p on the right-hand side of Equation 5 is uniformly convergent
for o > 1 by using the Weierstrass M-test with M), = Z;ggf . We would then prove the same about

the sequence of derivatives of the partial sums and conclude that it is holomorphic for o > %
Also, as we now show, the other term on the right-hand side of Equation 5 is holomorphic
on o > 0, except where it is undefined. This would prove that the left-hand side of Equation 5,
®(s) — (s — 1)71, is holomorphic (except where it is undefined) for o > 0.
By Lemma 10, the function

1 (s—1)C(s)—1
s—1 s—1

is holomorphic for o(s) > 0. Hence the numerator of this function is holomorphic for o > 0,
which implies that (s — 1){(s) is holomorphic for ¢ > 0. Since complex-differentiability implies
that derivatives of all orders exist (see Appendix A.1.2), we conclude that - ((s — 1)¢(s)) is also

holomorphic. Hence
¢(s) 1 & (( ¢(s))

s—1)
¢(s) s—=1  (s—=1)C(s)




is holomorphic for ¢ > 0 except where it is undefined, which could only be where (s — 1)((s) = 0.

We first check that (s — 1)((s) # 0 at s = 1. Since ¢((s) — (s — 1)~! is holomorphic on o > 0 by
Lemma 10, it is holomorphic at s = 1. In particular, the (finite) value at 1 exists and the limit of
¢(s) — (s — 1)~! is that value. Then we have

lim (g(s) - ) — lim (“_1)4(3)_1> . (6)

s—1 s—1 s—1

Because s — 1 converges to 0 as s — 1, it must be the case that (s — 1){(s) — 1 converges to 0 as
well. So (s —1)((s) isnot 0 at s = 1.

Now we check that (s — 1)((s) # 0 for ¢ # 1 and t = Y(s) # 0. That is, we want to show
that ¢(1 + it) # 0 for all real ¢ # 0. (This will also complete the proof of the first part of this
theorem.) Suppose on the contrary that ((s) has a zero of order p at s = 1+it. Because ((s) — =5
is holomorphic at s = 1 + it and since t # 0, {(s) is holomorphic at s = 1 4 it. Therefore, by
Lemma 10, g > 0. Write ((s) = (s — 1 — it)*g(s). Showing that p = 0 would show that ((s) has
no zeros on the line 0 = 1, so we proceed to this now.

We need to get our hands on x. To do this, note that ¢/(s) = u(s—1—it)*~Lg(s)+(s—1—it)"g'(s).
This implies, for all € > 0,

((IEit+e) o g (1+it+e)

C(1xit+e) (Qxit+e)—1—dt g(lxit+e)’

Multiplying both sides by e and taking e — 0 yields

! . / .
lim 6C(l:tzt%—e) — 4+ lim 6g(lizt—i—e)

ot CAxitte P IR g xitte

: (7)

But ((s), being once differentiable for o > 1, is infinitely differentiable for ¢ > 1, so ¢'(s) is
differentiable and therefore bounded for o > 1. Also g(1 + it) # 0 because otherwise 1 + it would
have order strictly greater than u. Finally, since

E-1-it)gx) =(E) =Y % =((s) = (5 =1 —it)"g(s),
n=1

it follows that g(1 +it) = g(1 —it) # 0 = 0. Thus the limit involving g(s) and ¢'(s) in Equation
7 is 0, and the right-hand side is equal to u. Great! Now to interpret the left-hand side, we use
Equation 5. Set s = 1 4 it in this equation, multiply both sides by a positive € and take ¢ — 0.
Then the €(s —1)~! terms vanish, as does the term involving the sum over p because it is bounded.
This leaves us with
. . . xit+e)
lim e®d(1+it+¢€¢)=— lim e2————>- = —p. 8
e—0+ ( ) e—0t C(l + it + E) " ( )
Now it will be convenient to consider the point 1+ 2it as a zero of order v. As we argued for p,
we have that v > 0. (The actual value of v has no bearing on our proof; it is merely a convenience
to introduce it.) Now by analogous reasoning, we could prove an analogue of Equation 8 for v:
lim e®(1+2it +¢€) = —v. 9)

e—0F
Finally, if we substitute 1 + € into Equation 5, multiply by € > 0, and take ¢ — 07, we obtain

lim e®(1+¢) =1. (10)

e—0F
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To complete the proof — which, recall, required us to show that u = 0 — we come up with an
equality in terms of p and v, from which we will conclude that g = 0. To do this, note that

log p i
0 < ngﬂwt®>

p

logp , , i
Z = (pzt/2 +p zt/2)4
p p

log p logp log p
Z 1+e+2zt+ Z 1+e+zt Zp1+e

P
logp logp
42 1+6 it Zpl-l-e—%t
P
= @(1—}—22154—6)+4<I>(1+it+e)+6‘1>(1+e)

F4D(1 — it +€) + B(1 — 2it + ). (11)

Now multiply both sides of Equation 11 by € > 0, take ¢ — 07, and use Equations 8, 9, and 10 to
arrive at
0<—v—-4p+6—-4p—v=6—-8u—2v.

Since v > 0, this inequality implies 8 < 6, from which we (finally!) conclude that p = 0. O

The next step uses some new notation, which we introduce now before continuing. Given
functions defined on R, we say that f(z) = O(g(z)) if there exist C' € R and x¢ € R such that
|f(z)| < C|g(x)] for all 2 > x¢. For example, the function f(x) = logx+log? z+x is O(z) because,
in the limit as * — oo, the z term dominates, from which we could prove that f(x) = O(z) using
the definition.

Now we go back to the proof of the Prime Number Theorem.

Lemma 12. 9(z) = O(z).

Proof. First let n € N. Then consider that

eﬂ(?n)—ﬁ(n):exp Z Ing = H p

n<p<2n n<p<2n

where k ranges over the integers (in the specified range) and p over the primes. Now let

Il & o= [ &k and c= [] »

n<k<2n 1<k<n n<p<2n

Then exp(J(2n) — J(n)) = ¢, and § = (2") where (27?) is the binomial coefficient. Now note that
b | a since (2:) is always an integer — a cool fact in itself! Also note that ¢ | a since ¢ is a product
over a subset of the set of terms over which a is a product. Furthermore, note that if p is a prime
dividing ¢, then p > n, which implies p 1 k for all terms k in the product a. Hence b and c are
relatively prime, from which we conclude that bc divides a. In particular, be < a, so

2n
oem-0m) _ < @ _ (27 < 20\ _ 4 20 g2n
c b (n —kzzo p) =0+ ‘
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Taking logarithms, we have J(2n) — ¥(n) < 2nlog2.

Next, we use this last equality to prove that J(x)—9(5) < 2xlog2 for all z € (0,00). If z € (0, 2],
the inequality holds trivially because ¥(x) = ¥(5) = 0 unless = 2, in which case the inequality
reduces to log2 < 4log2. So let x € (2,00), and choose m € N such that 2m < z < 2m + 1. Then

¥ x) = Zlogp < Z logp < ¥(2m) + log(2m + 1)
p<x p<2m—+1

(where the last inequality is strict if and only if 2m + 1 is prime). Also,
x
9 (5) = Z logp > Z logp = 9(m).
P<3 p<m
Hence

9(2m) — J9(m) + log(2m + 1)

=)
~
&
N—
|
2
N
N8
N———
|

2mlog2 + log(2m + 1)
xlog2 +log(z + 1)
2z log 2,

INIACIA

where the last inequality follows since log(x + 1) < zlog 2 for all z > zo = 2.
Finally, we use this estimate to prove the lemma! Choose C' = 2log2 and z¢p = 2, and let
x > mg. Next, choose r € N such that 2" < z < 2", Then ¥(2/2") = 0, and hence

4 x x d x
UORIDD (19 (2’6*1) - (27» < log2 (2’9*1)
= k=1
= zlog?2 L-27 <2zxlog2="C
- x g 1 _ 2,1 > 4T g - fL',
which proves the lemma. ]

Hx) —x

[e.e]
Lemma 13. The improper integral / ( dx converges.
1

T2

Proof. Let I be the value of the integral, be it finite or infinite. We are going to apply the analytic
theorem to prove that this integral convergence, so, in order to do this, we must check that the
hypotheses of Theorem 5. We change variables & = e’ in the integral to get

I:/loo (19;‘””)_ )a;m:/OOO(ﬁ(et)e‘t—l)dt:/ooof(t)dt,

where we have defined f(t) = 9J(e!)e~! — 1. Note that, by Lemma 12, for some constant C,
If@®)] < |9(eMet+ 1< (Cee " +1=C+1

for all ¢ past some tg. Since f(t) has only jump discontinuities at the prime ¢, it is clearly bounded
on (0,tp] and hence bounded on (0, c0). Furthermore, for any compact K C (0,00), f(¢) has only
finitely many discontinuities, so the integral of f(t) over K is finite. Hence f is locally integrable.
Now define g(z) = [;° f(t)e™*'dt for all R(z) > 0. (As we will show, g(z) is holomorphic on
R(z) > 0, so the convergence of the integral is not a problem.) As we will also show,
O(z+1)

/O ﬁ(et)e_(z+1)tdt = ﬁ, (12)
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which implies

. < P(z+1) 1
t (z+1)t 30 zt _
g9(z) = /0 v(e)e dt /0 e *dt = 1 .

or, equivalently,

z z

o(z) = i1<@(z+1)—1—1).

If this holds for R(z) > 0, then R(z +1) > 1, then Lemma 11 would then imply that ®(z+1) — 27!
is holomorphic for R(z) > 0. The assumptions of the analytic theorem would therefore be satisfied,
from which we could conclude that I, the integral in question which equals fooo f(t)dt, exists and is
equal to g(0) (a bounded quantity since g(z) is holomorphic at z = 0), thus proving the theorem.

All we need to do is prove is Equation 12. To do this, we let J be the value of the integral in
Equation 12, set s = z + 1, and make the variable substitution z = e’ to get

* s(x) [Pt so)()
sJ :/1 P da = Z/ JRPS] dz,

k=0 " Pk

where p1, po, . .. is an enumeration of the primes and pg = 1 for convenience. The reason for splitting
up the integral in this way is because, for = € (pg, Pr+1),

d(x) =Y logp= Y logp=1(ps).
pz PPk
This allows us to pull the ¥(z) out of the integral in order to evaluate it:

= Pi+l g = 1 1
SJ:Zﬁ(pk)/ x5+1d$2219(pk) (S— ) :
k=0 Pk k=0 Pk

S
Pi41

This almost looks like a telescoping series — how we would love to see one of those right now! In
fact, if we note that J(py) = ¥(pr+1) — logpr+1 and recall that the series > J(p)p™* and ®(s)
converge absolutely, we arrive at exactly this:

- (Ook) k1) logpern | _ o [ 90s)  O(pri1) 5
sJ_Z(pz + )-?ﬂ( )+<1>().

S S S S
k=0 P41 Pr11 P Ply1

Since the value of the telescoping series is 9(1)/1 = 0 for all ®(s) > 1, we have J = ®(z+1)/(z+1)
for R(z) > 0, from which Equation 12 follows immediately. O

Lemma 14. J(z) ~ z.

Proof. We first show the following: For all € > 0, there exists o > 0 such that z > x¢ implies
J(x)/x—1 < e. A parallel proof (which we omit) will show the corresponding inequality 1—9(x)/x <
€, which will prove (straight from the definition of convergence) that ¥(x)/x — 1 as x — oc.

We proceed by contradiction. Suppose there exists an € > 0 such that for all zg > 0, there
exists x > ¢ for which ¥(x)/x —1 > € or, equivalently, ¥(z) > Az where A = 1+¢€ > 1. Fix such an
e and let 29 = 1. Choose = > z such that ¥J(x) > Az. Then, since ¥J(x) is an increasing function,

Az o Az _ Az o
/ 9(t) tdt > / Y(x) tdt > / A tdt.
T T x

t2 t2 12

This integral’s value is C'(A\) = A — log A — 1, which is a strictly positive quantity since A > 1.
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Now we repeat this process. Set 1 = x, g = Az, and find an = > z( such that ¥(z) > Az. Set

x9 = x and continue inductively to define a sequence x1, s, ... where each x,1 > Az, and
Aol 9(t) — ¢t
/ W=t > ow
t
Tn+1

for each n. Then

/ o( dt>2/mﬁ dt>ZC
1 x

n

which clearly diverges since C'(A) > 0. This contradicts Lemma 13, which concludes the proof. [
With all of the hard work done, we can prove the Prime Number Theorem:

Theorem 15 (The Prime Number Theorem). Let w(z) denote the number of primes less than
or equal to x. Then 7(x) ~ x/logx.

Proof. Let € > 0. Without loss of generality, assume that ¢ < 1. To help with the estimates, we
e Choose 1 € (0,¢€) such that 7 < z5. (This inequality implies %%Z <1+35.)

e Choose z1 > 0 such that > z; implies (1 — n)z < ¥(z) < (1 + n)z. (This is possible by
Lemma 14.)

e Choose x5 > 0 such that x7"logx < 1+ 5 for all x > z. (This is possible because x~"log z —
0 as x — 00, as can be seen by applying I’'Hopital’s rule.)

Set xg = max{z1,z2}, and let > xy. Then from
(I —n)z <z Zlogp<210gm—7r )log z,
p<z p<z

we deduce 7(z)logz/z —1> —n > —e.
Now we obtain the other estimate. Since logz is an increasing function, p > z'~7 implies
logp > (1 —n)logx. Hence

I4+nz > V(z)> Z logp > Z log x

zl-n<p<z zl-n<p<z
= (1-n)logz (7(z) — m(x'") > (1 —n)logz (w(z) — 2'77).
Dividing both sides by (1 — n)x yields

1+n - m(z)logz logz

i

1—n x "
from which we conclude
Tr(aj)logx_l 147 1+logw ELf ¢
z 1-—n n 2 2
Thus 7(z)log z/x is within € of 1 for all z > z, as required! O

Sit. Meditate. Enjoy the beauty which lies before us.'°

"What comes next is sure to shock those who do not know and pleasantly remind those who do. Either way, the
task before us is a great one, so if a break is desired, now is the time.
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3 Primes in arithmetic progressions

We move on now to a topic which motivated the birth of analytic number theory: primes in
arithmetic progressions. So far, we have proven that there exist infinitely many primes, and we
have given a formula for the density of these primes in the set of natural numbers. Ignoring the
prime 2, we could have equivalently considered these questions about the odd numbers — that is,
the arithmetic progression {1+ 2n}9, — and come to the same conclusions.

In this section, we generalize to arbitrary arithmetic progressions {a + gn}o>, where a,q € N,
and we ask the same two questions: Are there infinitely many primes, and what is their density in
N?

3.1 Dirichlet’s Theorem

Dirichlet’s theorem, or, more properly, Dirichlet’s theorem on primes in arithmetic progressions,
states that there exist infinitely many primes in any arithmetic progression

a,a+q,a+2q,a+ 3q, ...

so long as ged(a,q) = 1. (If a and ¢ have a common factor, then a + gn for all n € N is composite.)

We will prove this result in a sequence of steps. Our proof will follow Davenport’s, which
primarily follows Dirichlet’s original. We give Euler’s proof for ¢ = 2. We already have seen the
result for ¢ = 2, both from Euclid’s argument and by considering the Euler product formula for
¢(s), but we give a third proof which, for one thing, proves a stronger fact, and, for another thing,
ultimately inspired Dirichlet who generalized the argument to compose a proof of his theorem.
(Note: This is the way Dirichlet did it, and it is how Davenport presents it.)

3.1.1 Euler’s proof for ¢ =2
In this section, we provide a third proof of the fact that there exist infinitely many primes. Recall
that ((s) = >, n™° =[[,(1 - p~*)~! for all s € (1,00). Taking logarithms!' and expanding the

logarithms into power series (which will be allowed since [p~*| < 1, implies that p~* is within the

radius of convergence of 1), we obtain

log¢(s) = log[J(1—p™)' == log(1—p~*

0 ym—1 oo
— Z Z %(_p—s)m _ Z Z m—lp—sm

p m=1

= > p+4(s) (13)
p

where

"Technically, we are about to turn the logarithm of an infinite product into an infinite sum, which may cause
problems that do not arise with finite sums and products. We excuse ourselves in Appendix A.4.1 by proving that
this works as it does in the finite case.
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(Note that we have sneakily rearranged the order of summation, but this is okay since the series
converges absolutely, as can be seen since |[m~1p~*"| < p~*™ and —sm < —1.) Since log ((s) — oo
as s — 17, and since d(s) is bounded in the same limit, we conclude from Equation 13 that

1
Z — diverges.
D

p

This fact clearly implies the infinitude of the primes, and it is interesting in its own right — the
primes are not too sparsely scattered in N.
In order to prove Dirichlet’s theorem, we will show the corresponding (generalized) fact:

1
Z — diverges,
p

p=qa

where the notation p =; a means that p is congruent to a modulo ¢, and the sum over p =, a is
over all primes p congruent to @ modulo ¢. This is quite a task, however, so we build our bridge
to the theorem in steps. First, we let ¢ > 2 be prime, define Dirichlet characters and Dirichlet
L-functions for ¢, and prove the theorem for q. We then let ¢ be composite, define general Dirichlet
characters and Dirichlet L-functions, and prove the theorem in general. Each step for the second
case is a generalization of the corresponding step in the first case. Let’s begin!

3.1.2 Dirichlet characters and L-functions (prime modulus)

In this section, we construct Dirichlet characters of a prime modulus and prove a key property about
them. Dirichlet characters for the modulus ¢ are arithmetic functions y : N — C, which are ¢-
periodic (that is, periodic with period ¢) and completely multiplicative (that is, x(mn) = x(m)x(n)
for all m,n € N). We also require that there exists a linear combination whose value is 1 if n =, a
and 0 otherwise. (Note: Dirichlet characters satisfy the hypotheses of Theorem 1.)

To construct the Dirichlet characters for the prime modulus ¢, consider the multiplicative group
Zy = 74\{0}. Asis well known, this group is cyclic (see Appendix A.3.1), so there exists an element
g € Zg such that g generates Z;. For all n € Z7, define v(n) to be the index of n relative to g; that
is, define v(n) such that ¢*(" =, n . Then, for each of the ¢ — 1 primitive (¢ — 1)-th roots of unity
w, define the Dirichlet character on Zj corresponding to w by w” (") Finally, periodically extend
the definition of w(™ to define the character for all n € N which are not divisible by ¢, and for
those n for which ¢ | n, define w? () = (.

The character w”(™ is clearly well-defined, for n = m implies n =4 m, which implies g
n =m = g"™ modulo g, which implies v(n) = v(m) + k(¢ — 1) for some integer k. Therefore,

v(n) _ wu(m)'

v(n)

since wi =1, w
Also, the function is periodic by construction. To show complete multiplicativity, note that
k = mn, for m # 0 # n, implies kK = mn modulo ¢, which implies

¢’ =k = mn = ¢g"Mg") = grimtv(n),

Since g?~! =1 modulo ¢, v(k) = v(m) +v(n) + (¢ — 1) for some [ € Z, which implies
k) — pr(m) v(n) (wq—l)l — rm) vn)

Finally, if m or n is 0, then so is k, which implies that

W F) = = rm v
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Hence w”(™ is completely multiplicative.

Finally, we must show that some linear combination of the w”(™ gives us 1 or 0, according to
whether n =, a or n #, a, respectively. But first, how many w” (") are there? When we defined
the functions, we specified that w?=! = 1, so each w is one of ¢ — 1 primitive (¢ — 1)-th roots of
unity. On the other hand, if w; ) wy (n), then, in particular, they are equal for n = g, for which
v(n) = 1, which implies w; = we. So there are ¢ — 1 functions, each of them distinct.

Before we construct such a linear combination, we give an example of a set of characters.

Example 16. Let ¢ = 5. We choose 2 as our generator. (This choice is arbitrary, but this will
not present a problem to us later on. We typically choose some generator at the beginning and it
is assumed that we keep the same generator.) Then

v(1)=0,v(2)=1,v3) =3, and v(4) = 2.

The (q — 1)-th roots of unity are 1, i, —1, and —i, and the corresponding characters are 1, ()
(=1)*™) | and (—i)*™). A table of these values is given here:

1 2 3 4

1 1 1 1

AN I T A A |
(-1)*™ {1 -1 -1 1
(=)™ |1 — i -1

Moving on, we prove the key property about Dirichlet characters.

Theorem 17. For a prime q > 2,

IR o e { 1, n=qa; (14)

q—14 0, otherwise

where the sum is over all (¢ — 1)-th roots of unity.

Proof. First, note that if ¢ — 1 | k, for some k € Z, then w* = 1 for all (¢ — 1)-th roots of unity w,
and hence ) wk = ¢ —1. On the other hand, if ¢ — 11 k, then w* # 1, and powers of w* generate

all of the (%)—th roots of unity, where g = ged(k, ¢ — 1). From this, we have that

knyl—1 kn20—1 k -1
{w " n=0 — {w n}n:l == {w n}ii(g—l)l'

So

since Wk = (wWk Lo 1. Therefore, if ¢ — 1 does not divide k, then wk = 0. We have proven
( ,if ¢ , " P

Zwk | g—1, q—1divides k;
~ 10, g — 1 does not divide k.

If we divide both sides by ¢ — 1, we set k = —v(a) + v(n), and note that ¢ — 1 | k if and only if

k =4—1 0, which holds if and only if v(a) =, v(n), which in turn holds if and only if n =, a, we see
that our result follows from the above equality. O
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Hence the ¢ — 1 arithmetic functions w”(™ form a set of Dirichlet characters for the prime
modulus gq. With these characters in hand, Dirichlet defined what are now called Dirichlet L-
functions. Following Dirichlet, we now proceed with the definition of these functions.

Definition 18. For each Dirichlet character w’™, define the Dirichlet L-function by

_ i )
n=1

for all s € C.

By Theorem 1, L (s) absolutely converges for R(s) > 1 and has the following product repre-

sentation .
Lo =11,

which also converges absolutely for R(s) > 1. Now recall that w”(® = 0 for all n which are divisible
by g, so, in fact,

= Z W’ M=, (15)

n#Zq0

Also, since w”(@ = 0, the p = ¢ term in the product representation is 1, so we have

Lo(s) =[[——— (16)

— w¥®p—
p;ﬁql wrp

Now note that since

jwPlp=s| = p ) < p7t < 1/2,

no term in the product is 0. So since L (s) converges absolutely by Theorem 1, we have that
L,(s) # 0 for all s € C with R(s) > 1. (This is a general fact about infinite products. See
Appendix A.4.1 for an explanation of why this is true.)

Similar to our calculation of log {(s) in Section 3.1.1, since L(s) # 0, we have

log L, ( sz (V _)m:Zim—lwl/(pm)p—ms

p#q m=1 p#q m=1

by the multiplicativity of w”(™). Now we multiply both sides by w="(%), sum over all (q— 1)-th roots
of unity w, rearrange infinite sums at will (because they are all absolutely convergent!), and obtain

w D log L(s) = w V(@) 3 m @) p—ms
2 slos) = D W) ) P

p#q m=1
- Yy LRI,
p#q m=1

Because of Equation 14, this implies that

Zw “(@) Jog L, (s) = (¢ — 1) Z Z m”ipTms, (17)

p#q m=1
p"=qa
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On the right-hand side of Equation 17, we have

(@=1)> p 7 +@-1> > mlpm

pP=qa m=2
a p#q =g

Since the double sum over p and m has all positive terms, it is bounded below by 0 and above
by d(s) < ((2), as we saw in Section 3.1.1. Therefore, we have proven the following lemma to
Dirichlet’s theorem:

Lemma 19. If
Z w V@ log L, (s)

w

diverges to infinity as s — 17, then the series Zp p~ % diverges to infinity.

The conclusion of this theorem, if true, would prove Dirichlet’s theorem. Since we want to prove
the conclusion, let us consider this lemma’s hypothesis. One of the (¢ — 1) roots of unity is 1 itself,
so the sum on the left-hand side of Equation 17 is

Z w V@ log L, (s) = log L1 (s) + Z w W og L, (s). (18)
w w#1
If we consider the w = 1 term, we see from Equation 16 and Corollary 3 that

L) = [T 7= = (0= a7)0s), (19)

pF£q

so since ((s) — oo as s — 17 yet 1 — p~* remains bounded, L, (s) — oo as s — 17. This is a

good start! If we can show that each of the remaining terms is bounded as s — 17, we will apply
Lemma 19 to conclude Dirichlet’s theorem.

Before embarking on this venture, however, we can simplify our task a bit. First, note that
the w”(™) have magnitude 1, so they remain bounded as s — 11. This means that what we have
to show is that log L, (s) is bounded as s — 17. Since the logarithm function is continuous (for
R(s) > 0 — we have chosen the principle branch of the logarithm without mentioning it), we have
that

Slir{1+ log L, (s) = log Sllf{i L, (s).
Hence our task reduces to proving that L, (s) remains finite but nonzero as s — 17.

But we can simplify our task once more. We can show that L, (s) is continuous and therefore
finite at s = 1, so lim,_,;+ Ly (s) = Ly (1). Once we do so, we will have the following precursor to
Dirichlet’s theorem:

Lemma 20. If L,(s) # 0 for all w # 1, then Dirichlet’s theorem holds.

Proof. We first prove that L,(s) is continuous using the Dirichlet test for convergence and the
series representation of L,(s) given in Equation 15. To do this, first note that n™° decreases as n
increases and converges to 0. Second, note that for all N € N, Zﬁ[:l w”(™ is bounded above by
g — 2. The reason for this is that as n runs through ¢ — 1 consecutive integers, v(n) runs through
each possible index 0,1,...,q¢ — 2, so

qg—1 q—2
Zw’j(") = Zw” =0
n=1 v=0
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since each (¢ — 1)-th root of unity shows up exactly once in the sum. Similarly, ZN—1 w’™ g
periodically 0, and is, in fact, periodic with period g. Since periodic sequences are bounded, the
second claim above follows.

Therefore, the Dirichlet test for convergence implies that L (s) converges for all #(s) > 0.
Furthermore,'? this convergence is uniform for all R®(s) > ¢ > 0. Since the partial sums of L(s)
are continuous, their uniform limit is continuous, so L,(s) is continuous on R(s) > §. Supposing
we chose § < 1, which we assume anyway because our choice of § > 0 was arbitrary, we have that
L, (s) is continuous at s = 1.

Given now that L(s) is continuous at 1 for all w # 1, we have that L, (s) — L,(1) ass — 17 for
all w # 1. Hence, if our assumption holds, then L, (1) # 0, which implies that lim,_,;+ L, (s) # 0,
which in turn implies that log L, (s) remains bounded as s — 17, for all w # 1. Hence, as we
mentioned, since each w”(® is bounded, the w # 1 terms on the left-hand side of Equation 17
remains bounded as s — 17. Hence the left-side diverges to infinity since the w = 1 term does,
which means that Lemma 19 applies and Dirichlet’s theorem holds. ]

It is hard to say where Dirichlet’s proof begins. He created the huge body of work we have been
discussing in this section. To say that the proof has already started would be fair. However, I feel
that what we have shown so far are merely consequences of the definitions of Dirichlet characters
and the L-functions. These are of interest to people independent of the fact that they are used to
prove Dirichlet’s Theorem. I think it is best to think about “Dirichlet’s proof” as the proof of the
fact that L, (1) # 0 for all w # 1. Besides, the proof is already long; if we included everything so
far in “the proof” it would appear more unwieldy than is necessary. Enough of this discussion —
let us proceed with the proof!

3.1.3 Dirichlet’s proof (prime modulus)

In this section, we show that L, (1) # 0 for all w # 1. We consider two cases: w is complex and
w = —1. (Note: if w is not complex, then it must be —1 since we are assuming w # 1.)

Suppose first that w is complex. Since Equation 17 holds for any value of a, it, in particular,
holds for a = 1. Substituting a = 1 into Equation 17 gives us

TTRTEE S S,
w

p#q m=1

where the second inequality follows from m~'p~™* > 0. (The reason why the inequality can not
be made strict — which would make this case a triviality — is that we do not know for sure that the
sum is not empty!)

Exponentiating both sides yields

1< J]eos 5@ =[] Lu(s)- (20)

Suppose that for some complex w, L, (1) = 0. Then

o0

:ZD_” Zw v(n) Zw V”)—: L,(1)=0.

n=1

12We claim this without proof, not because it is difficult, but because it seems repetitive. We have already seen
how this sort of proof would go for the functions {(s) and ®(s) in the proof of Lemma 8.
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Now by Equation 19, the fact that (s — 1){(s) — 1 as s — 17 implies that

_ 1
(s =1)Li(s) = (1 =g °)(s = 1)¢(s) = 1 - p
as s — 17. Thus L;(s) has a simple pole at s = 1. Consider the limit of the product of the w-term,
the w-term, and the 1-term in the product:

lim Ly,(s)Lgz(s)Li(s) = lim Lu(s)La(s)

s—1+t s—1t s—1

(L1(s)(s = 1))

The limit of L;(s)(s—1) is bounded as we mentioned. The limit of the other part, using I’'Hopital’s
rule, is equal to
Tim (L (5)Lo(s) + Lu(9) L))

The derivative of the L-functions is computed term-wise and shown to be uniformly convergent by
Dirichlet’s test (as we did above for L (s), so we omit the prove here). Therefore, L, (s) and L (s),
as uniform limits of continuous functions, are continuous at s = 1. This continuity at s = 1 implies
that L, (1) and L (1) are finite, so since L, (1) = Lg(1) = 0, the limit is equal to 0. Since the other
terms in the product in Equation 20 are bounded (because each L, (s) is bounded!), the product is
0, contradicting the inequality in Equation 20. So L, (1) # 0 for each complex w. For large ¢, we
have just covered the vast majority of the cases for Dirichlet’s proof. Unfortunately, the amount
of work required to prove these cases is not proportional to the amount of work required to prove
the single case in which w = —1. We proceed to this now.

Suppose w = —1. Since —1 = —1, the above proof fails, so we must prove L_1(s) # 0 directly.
What is to our advantage is that we know exactly what w is; the Dirichlet character for —1 reduces
to w’(™ = (=1)("). Note that ¢ | n if and only if w”(™ = 0. Also, from this equality, we have that
w”(™ = 1if and only if v(n) = 2k for some k € Z, which is true if and only if n = g*(") = g% = (g"/’)2
modulo ¢, which in turn is true if and only if n is a square modulo ¢. Negating these statements,
we also have that w”(™) = —1 if and only if n is not a square modulo q. Hence

n 0, ifg|n;
W™ = <> =< 1, if ¢fn and n is a square modulo ¢;
q —1, if ¢4 n and n is not a square modulo g.

where () is the Legendre symbol.13

In what follows, we define the Gaussian sum G(n), partially evaluate it to get () in terms
of G(1), quote the value of G(1), and substitute the value of G(1) into the expression for L_1(1).
At that point, we will show that L_;(1) # 0. Before continuing, we specify e2min/q (for n =
0,1,...,g—1) as an arbitrary ¢-th root of unity, because we will need to address specific roots. We
will denote this particular root by e4(n).

First, we give the definition of the Gaussian sums.

Definition 21. Define the Gaussian sum G(n) for all n € N by

G(n) = qi <7Z> eq(mn).

m=1

13The definition and properties of the Legendre symbol which we will use are discussed in Appendix A.3.3.
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Next, we show how to rewrite the Legendre symbols in L_1(s) in terms of the Gaussian sums.
Our first step is to prove the following lemma:

Lemma 22. If we let G denote the numeric value of G(1), then

q—1 00
Loi(1) = é z_:l <ZL> 3 %eq(mn) (21)

n=1

Proof. For n #4 0, then n is a unit in Z7, which implies

-1 -1
{m}?nzl = {mn}gnzl’

where these sets are considered as subsets of Z,. In this case, then, since the Legendre symbol is
multiplicative,

where we have set G = G(1). Since, for n =, 0,

1

05 (7)- 5 0= (7)- (oo

g
m=1 m=1
Equation 22 holds for all n € N.

As it turns out, G is \/q if ¢ =4 1 and i,/q if ¢ =4 3. Dirichlet finished what Gauss started by
showing this. We omit the (clever) calculation, which can be found in Davenport, Chapter 2. For

now, we use the fact that G # 0. Then

m=1
which implies
00 q—1
1 m 1
L4(1)= Z (G <q) eq(mn)> -
n=1 m=1
Swapping the order of summation proves Equation 21. O

The reader who knows his/her Taylor series well might notice a logarithm hidden in Equation
21. Our next step is to note this and use it to rewrite our expression for L_;(1).

Lemma 23. Following the notation of the previous lemma, we have

L1(1) = —é;z:l (ZL) <log (2 sinT) +i <7r;” - g)) . (23)
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Proof. Consider Equation 21. To evaluate the inner sum, consider the Taylor series for the function
21
—log(l—2) = zjl Ez",
n=

which converges for all |z| <1 except z = 1. (See Appendix A.4.4.)

For |z| < 1, we have R(z) < 1. Since z # 1, we have R(z) < 1, ®(1 — z) > 0, and hence
—7m/2 < arg(l — 2) < w/2. If we use the principle branch of the logarithm, we will avoid all
disgusting discontinuity issues completely. Write z = . Thinking of 1, z, and 1 — z as vectors in
the complex plane, we can draw the triangle whose sides are 1, z, and 1 — z. Since |z| = [1] = 1,
the triangle is isosceles, and the two equal angles o sum to m — #. Extending the line coincident
with 1 — z, we see that arg(l — z) = —a. Therefore, —2arg(l — z) = 2a = 7 — 6, which gives us

arg(l — z) = (6 — 7). Also, we can calculate

1 —cosf 0
[1 —z| =[(1 —cosf) —isinf| =2 —2cos =2 % :2sin§.

With the magnitude and the argument of 1 — 2z, we can calculate

1 . .
Z —e = _log(1 — €%) = —log |1 — z| —iarg(l — 2),
which gives us

1 inf .0 1 .

— = —log(2sin =) — = (0 — m)i. 24

>t og(2sin ) — (0 )i (24)
n=1

Since eq(mn) = eq(m)", and since eq(m) has magnitude 1 yet is not equal to 1 (since m #, 0), we

can set §# = 2rm/q in Equation 24 and substitute the result into Equation 21 to obtain Equation

23. O

Whew! If T had arrived at this equation myself, I would have been sure that I had made a
mistake. For L_1(1) is a real number! In no way is it obvious that the expression on the right-hand
side of Equation 23 is real. Despite all doubt, however, we have proven this equation, so it is
correct.

Returning to our goal — namely, to prove that L_;(1) # 0 — we use Equation 23 to complete
Dirichlet’s proof in the case that ¢ =4 3.

Lemma 24. For g=43, L_1(1) #0.

Proof. In this case, we have G = i,/q, so ignoring the (zero) imaginary part of Equation 23, we

obtain
1 & ™
- LS ()
q q 2

m=1
q—1 q—1
T <m>+ T <m>
= _— m J— - -
q32m:1 q 2 qm:l q
q—1
()
= —— ml(—|.
P32 = q



3/2

The factor —wq™°/“ is certainly not 0, and neither is the sum, for if we set ¢ = 4k 4+ 3 for some

k € Z, and

. (m = (g —1)
m=1

m=1

To consider an integer modulo 2 is to blur one’s vision of the integer as much as possible without
losing sight of it. But in this case, that this sum is congruent to 1 modulo 2 means that it is
non-zero, which proves L_1(1) # 0, as we wished! O

Now what about the case where ¢ =4 17 We prove that L_1(1) # 0, as required, but the proof
is in a few steps. First, we make a definition.

Definition 25. Let R and N range over allm = 1,...,q — 1 such that (%) =1 and (%) = -1,
respectively. (Note: R stands for residues, and N stands for nonresidues.) Define the complex
number Q by

i TN
B [Insin™>

=T ik
[Tgsin%*

Second, we translate our requirement that L_;(1) # 0 into the requirement that @ # 1.

Q (25)

Lemma 26. If Q # 1, then L_;(1) # 0.

Proof. Since ¢ =4 1, G = /q, so since L_1(1) is a real number, Equation 23 becomes

L(1) = _\}‘5:2 (Z‘) log <2 sin T) .

Now let R and N range over all m € {1,2,...,q — 1} such that () =1 and () = —1. Then

N
exp(y/qL-1(1)) = exp <—Zlog (2811&?) +Zlog (QSian))
R N
| <HNZSin”éV>
= explog | =————&
[Ig2sin7¢
HNsin%

. TR’
[1gsin%*

where, to obtain the last equality, we used the fact that the number of quadratic resides is equal
to the number of nonresidues (see Appendix A.3.3). But this is equal to @, so if @ # 1, then
VL -1(1) # log1 = 0, which proves L_1(1) # 0. O

Third, we show that @ # 1, which by Lemma 26 proves that L_;(1) # 0 for the case where
q =4 1.

Lemma 27. In the notation of the previous lemma, QQ # 1.
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Proof. Note that R is a quadratic residue modulo ¢ if and only if ¢ — R is as well, because ¢ =4 1
implies that!

(-G-GO

Hence ) p R =) p(q — R), which implies that
qg—1
gRR ERR+§R(q R) qER 1

Since the corresponding statement of each of the above statements is true when R is replaced by
N, a similar conclusion holds as well. Therefore, >, R=>) y N = %. This implies

HE I SRR (S
- Heq R/2) < 2zsmf>
- Heq R/2)(eq(—R/2) — eq(R/2))

R
= [I0 —eq(R)), (27)
R
and, similarly,
e, (19D oy /2Hsm— T1(1 = (V). (28)
q 8 q
N
Dividing Equation 28 by Equation 27, we arrive at
1—e¢,(N

[Tr(1 —ey(R))

We now appeal to the result Gauss proved: Given an indeterminant x, there exist polynomials
Y(z), Z(x) € Z[z] such that

Y(z) — /aZ(x)
[T~ eolR) = VAT, (30)
R
Y(z) + qZ(x)
[1 -~ eat)) = AT (31)
N
Evaluating these expressions at = 1 and substituting the results into Equation 29 yields
o= Y+ q'/%Z
Y —q1/27°

where Y =Y (1) and Z = Z(1). Since Y and Z are real numbers (in fact, integers!), having Z # 0
would imply that @ # 1, as we need.

148ee Appendix A.3.3 to read the rules for computing Legendre symbols
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To prove Z # 1, multiply Equations 30 and 31 to obtain

Yo (H@: - eq<R>>> (H@: - equv))) ,

R N

which is simply a product of = —e,(m) over all of the g-th roots of unity e,(m) which are not equal
to 1. Thus it is further true that
Y2 _ ZQ q—1 q_1 q—
D20 T —em) = T L =Y
2 x—1
m=1 m=0

1
m

This middle step follows because each e,(m) # 1 and is a g-th root of unity, and the last step by
recognizing this as the sum of a partial geometric sum.

Evaluating this expression involving Y (z) and Z(z) at = = 1, we arrive at Y2 — ¢Z? = 4q. Now
q is prime, which means 4q is not a perfect square, which in turn means Z # 0, as required! O

These last two lemmas prove that L_1(1) # 0 in the case where ¢ =4 1, and Lemma 24 proves
that L_1(1) # 0 in the case where ¢ =4 3. Combining this with our proof of the fact that L, (s) # 0
for all complex w, we conclude that L, (1) # 0 for all w # 1. Hence, the hypotheses of Lemma 20
are satisfied, from which we deduce Dirichlet’s theorem in the case where ¢ is a prime.

3.1.4 Dirichlet characters and L-functions (general modulus)

We now move on to the proof of Dirichlet’s theorem for a general ¢q. Our first step, as in the proof
of the special case will be to define the Dirichlet characters for the modulus q. We will define
the characters for powers of primes in two steps, then we will define the characters for a general
modulus.

Recall that a Dirichlet character, which we will now denote x(n) is a complex-valued function
defined on the positive integers such that

1. x(n+q) = x(n) for all n € N,
2. x(mn) = x(m)x(n) for all m,n € N, and
3. there exists a linear combination of them whose value is 1 if n =; a and 0 otherwise.

(Note: requirement 3 is usually omitted, but it will be the key property of our character construction
that will allow us to prove Dirichlet’s theorem.)
To begin the construction, consider the multiplicative groups of units in Z,, which we denote
by
Zy={n€Zq:(n,q) =1}.

We now consider two cases.

Suppose ¢ = p* where p is an odd prime, and a € N. The construction in this case is
parallel to that where ¢ is prime. As we show in Appendix A.3.1, Z7 is cyclic. Let g be a generator

of Z, and define v(n) to be the index of n relative to g — that is, define v(n) such that g’ =n.
Let w be any ¢(q)-th root of unity, where ¢(q) is the order of the group Zy and is called the Euler

totient function. Then the Dirichlet character corresponding to w is x(n) = w”™ for all n such
that (n,q) = 1 and x(n) = 0 otherwise. (In the case where ¢ is prime, we have y(n) = w’(™ when
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g | n and x(n) = 0 otherwise; this is exactly how we defined x(n) in that case.) To complete the
definition, we extend x(n) periodically so that it is defined for all positive integers.

That x(n) is well-defined, g-periodic, and completely multiplicative follows by arguments iden-
tical to those given for the case where ¢ was prime; one simply uses ¢(q) in place of ¢ — 1. That
leaves us to show that x(n) satisfy property 3, but we will do this for every modulus at the end.
We now move on to the case where ¢ is a power of 2.

Suppose g = 2% where a € N. For a = 1,2, the construction is similar. For a« = 1, ¢ = 2, which
means there is ¢(2) = 1 character, namely,

x(n)z{ (1] if (n,2) = 1;

otherwise.

For a = 2, ¢ = 4, and there are ¢(q) = 2 characters, the first of which is 1 when (n,4) =1 and 0
otherwise, and the other of which is 1 when n =4 1, —1 when n =4 3, and 0 otherwise. (You can
easily see this! In the notation above, the generator g is 3, which means v(1) = 2 and v(3) = 1.
The square roots of unity are 1 and —1, from which you can obtain the two characters.)

For a > 3, the situation is not quite as nice, because Z3. is not cyclic! What is true, however,
is that the subgroup generated by 5 and —1 is the entire group! (See Appendix A.3.2 for a proof
of this fact.) That is,

Zio ={(-1)%°:a=0,1; b=0,1,...,2972 —1}.

Because there are 2 - 2972 = 2971 = $(2%) elements in the set generated by powers of —1 and
5, we have that, for all n € Z3a., there exists a unique pair (vg(n),v)(n)) such that n = (—1)*05%.
Using (v9(n), v)(n)) as our substitute for an index v(n) relative to a generating element of Z3., we
define the Dirichlet characters by

_f wr® (w')%(") , if (n,2%) =1;
x(n) = { 0, otherwise.

where w is a square root of unity and ' is a (2%72)-th root of unity.
Here is an example set of characters for the modulus 8.

Example 28. Let ¢ = 23. Then Ly = {1,3,5,7}. Since every element in this group squares to 1,
it is clearly not cyclic. However, we note that 5° = 1, 5! =5, (=1)5° = 7, and (-1)5' = 3, so
(vo(n),vy(n)) forn=1,3,5,7 is (0,0),(1,1),(0,1),(—1,0), respectively.

Now the four characters will correspond to the four combinations of a square root w of unity
and a 2372-th root (or square root) w' of unity. That is,

xo(n) = (1)) =1

xi(n) = (1) (=140 = (—1)%)

xa(n) = (=1 ()60 = (1)
)

= (=1 (—1)"™M = (—1)re(m)t¥o(n)

The values of these characters are given here:

1 3 5 71
xo|1 1 1 1

vill -1 -1 1
21 -1 1 -1
ysll 1 -1 -1
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Interestingly, you might notice that xoxr = X for all k, that x5 = x1Xx2, that X% = xo for all k,
and so on. Hence the set of characters forms an abelian group in which every element has order
2. Since there only one such group up to isomorphism, the set of characters is isomorphic to the
group ZLs

Another interesting note: This group of characters has order 4 just as the group of characters
defined in Example 28, but they are not isomorphic groups. The group in Example 28, for example,
18 cyclic whereas the group in this example is not.

Proving that each x(n) is well-defined, completely multiplicative, and g¢-periodic is an easy
extension of the argument for the case where ¢ is prime, so we omit it.

We have defined characters now for all prime powers. Given that we want our general characters
to be multiplicative, this will be sufficient to define them in general. We do this now.

Suppose ¢ is composite. In fact, since the following will hold for prime ¢ as well, we could in
fact take the definition that follows as the definition of Dirichlet characters for any modulus ¢q. Let
q=2%[[;_, pp*. Let x(n; p?) denote one of the ¢(p?) Dirichlet characters modulo p?, as we have
defined above. For each combination of these characters defined for a prime power modulus, define
a Dirichlet character for all n € N by

n
x(n) nQO‘H npk

Note that y(n) = 0 whenever (n,q) > 1 because, in this case, (n,p®%) > 1 for some prime factor p
of n, which implies that y(n;p%) = 0.

Does this collection of x(n) give us what we want? Let us see. First, x is well-defined because
each x(n;p?) is well-defined. Second, for all p® which divide g, the fact that x(n;p®) is pP-periodic
implies that it is also g-periodic; hence, since each term in the product is g-periodic, x(n) is g-
periodic. Third, each x(n;p?) in the product is completely multiplicative, so the product x(n) is
multiplicative:

n
x(mn) = x(mn;2%) H mn; pp*)

n
= x(m;2%)x(n;2%) H (m; pp*)x(n; pp*))

= x(m)x(n).

Thus the collection of the x(n) characters are g-periodic completely multiplicative complex-valued
functions defined on N. All that is left to show is that some linear combination of these x(n)
outputs 1 when n =, a and outputs 0 otherwise. We prove this in a sequence of steps.

Lemma 29. There are ¢(q) characters modulo q.

Proof. In Section 3.1.2, we proved that there are ¢ — 1 = ¢(q) characters of a prime modulus ¢. In
an identical fashion, we could prove that there are ¢(q) characters of prime power modulus q. Now
in the general case, we let ¢ = 2%p{" -- - po~, and let

x(n) = x(n; 2%)x(n; pi™*) - - - x(ns pp™),
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where x(n;2%) is one of ¢(2%) characters of modulus 2%, x(n;p]") is one of ¢(p]*) characters of
modulus p{?, and so on. This gives us

d(2%)p(p1") - - d(py™) = H(27pT" - ™) = é(q)
choices. O

‘We now construct a linear combination which will almost be what we need.

Lemma 30. Consider the linear combination {(n) = > x(a)x(n), which is a sum over every
Dirichlet character of modulus q. Then ¢(n) = ¢(q) if n =4 a and {(n) = 0 otherwise.

Proof. Suppose first that n =; a. Then by the g-periodicity of x(n), x(n) = x(a), which implies
(n) = x(a)x(a) =Y [x(a)]*,
X X

Since x(a) is some power of a root of unity, |x(a)| = 1. Hence, since there are ¢(g) Dirichlet
characters, £(n) = ¢(q).

Now suppose that n %, a. Let ¢ = py°p{" - -- ph", where pg = 2. Then for some k = 0,...,n,
pe* 4 (n—a). Now the sum over all characters x of modulus ¢ can be rewritten as n+ 1 sums over
all of the characters y, say, of modulus pg’“:

Un) =7 - xl(a)x(n).
X0 Xn

Now we evaluate the sum over xy, because we know that p* { (n — a). Considering just this part,

Z x(a)x(n) = H Xk(a) H Xk(n) Z Xk (@) xk(n).
Xk J#k J#k Xk
Now for k > 0, let w be one of the ¢(p;*)-th roots of unity. Since (a,q) =1, a € Zp;:k, and hence

we have

(@ () = V@) — V@) _ () 4) _ i),

Therefore, since the sum over the characters xj of modulus py* is sum over the ¢(g)-th roots of
unity, we have

S @) = Yo = Y e,

Xk Xk w

Now a #, n, so a~'n %, 1, which implies v(a~'n) # 0, which in turn implies wr(@'n) g 4 #(q)-th
root of unity besides 1. Hence the sum on the right-hand side is 0. Summing 0 over the other
characters x; for j # k gives us that ¢(n) = 0. O

Thus, by dividing ¢(n) by ¢(q), we obtain the required linear combination:

1, ifn=4aq

1 o
M ;X(G)X(n) - { 0, otherwise.

At this point, we are ready to move on with our proof of Dirichlet’s theorem. However, we have a
closely related fact about sums of characters which we will use later. So we prove it here.
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Theorem 31. For any q consecutive natural numbers indezxed by n,
> x(n) =
n

Proof. First, by the g-periodicity of x(n), it clearly suffices to show that > 7_ Ox( ) = 0. Let
g =2%7" ---p@r. Consider the definition of the Dirichlet character:

x(n) = x(n;2%)x(n; pi™") - x (s p7).

Each x(n; pﬁ) corresponds to a unique (r + 2)-tuple (wo, wh, w1, - - -, wy) where wg = 1, (wh)?*" D =

1, and w¢(p e = 1 for all k =1,...,r. For each of these roots of unity, there will exist a unique
power of a given primitive root of unity that will equal the original root. Hence this (r + 2)-tuple
corresponds to a unique (m + 2)-tuple (mg, my, m1, ..., m,) € A where!®

A= ZQ X Z¢(2a—1) X Z(ﬁ(P(;l) X o0 X Z(ﬁ(pgr)?

(627Ti/2)m0 = wo, (627Ti/¢(20‘71))m0 — WE), and <€27ri/¢(pzk))mk =wiforall k=1,...,r
Hence, using this complex-exponential representation,

x(n;2%) = onO(n) (w[’))’/(/)(n) = exp (27TZ <m01/20(n) + ZL(OQVS(?))>>

and

n; it = w1 = ex (2772'77%1/’;(”))

forall k=1,...,r. So

x(n) = exp <2m' <m0u20( ) mo;) n Z mkyk )) )

Now what happens when we sum over n € Z, (where again, Z, here denotes nothing more than
the set {0,1,...,¢—1})7
Now recall that vg(n), for each k = 1,...,r, is the unique element modulo ¢(p}*) such that

gzk(n) = n modulo p*, where g is a generator of Z;ak which we fixed (way back) when we

k

defined x(n;p}*). Also, vo(n) and v(n) are the unique elements modulo 2 and ¢(2*~!) such that
(1) 5%(") = n modulo 2%. So by the definition of the index functions vo(n), v4(n), and so on,
(vo(n),vy(n)) is a bijection from Z3. onto Zg X Zgaa-1y, and vg(n) is a bijection from Zp:k onto
gy forall k=1,...,r. Hence the function v(n), defined by

7(n) = (vo(n), vy(n), vi(n), ..., vr(n))

Z¢(pg

is a bijection from
Zq EZQa @prl @"'@Zp:}r

onto

A= ZQ X Z¢(2a—1) X Zd’(P(lll) X - X Z¢(pgr).

'5Here we are abusing the notation slightly. The sets of the form Z, in the Cartesian product for A are meant here
to specify the set {0,1,...,n — 1} and nothing more.
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(We have used @ to denote the direct product of groups, as opposed to x, which we used to denote
the Cartesian products of sets.)
Therefore, the sum over n involving 7(n) can be rewritten as a sum over the values 7 =

(vo, 1), V1, ..., vp) in the range of 7(n). That is,
q—1
Z x(n) = Z Xv
n=0 veA
where

. m()Vo myv mkuk
X7 = exp <2m ( 5 22 01 Z >> . (32)

Next, we reindex our sum once more. For clarity, denote x by x 7 where m = (mq, mgy, mq, ..., m;).
What we have is a fixed 1, and we are summing over 7. But, as is clear from Equation 32,
Xo,5 = Xm,z- S0 if we swap the the values of 7/ and 7, we obtain

Yoxe =Y Xowm =D Xms= P X

veA veA veA meA
We have (seemingly magically) turned this sum into one over the (r+2)-tuples m € A. But the set
of m is in one-to-one correspondence with the set of characters, as mentioned above. Hence this

last sum is one over all possible characters x. The terms in the sum are obtained by choosing (the
unique) n’ € {0,1,...,¢ — 1} such that v(n') = V. So

D xoa = x(m) = x(Dx(n

meA X X
But if we apply Lemma 30 where a = 1, then, since n #, 1, the sum is 0, from which the theorem

follows. O

The next step in the proof is just like the step we made in the proof of the special case. Refer
to Section 3.1.4 to see how our definitions and various steps relate to those made in the proof of
the special case.

We begin by defining the Dirichlet L-functions for our general modulus.

Definition 32. For ¢ € N and a character x(n) of modulus q, define L(s,x) for all s € C by

By Theorem 1, we have

L(s, x) = Hl_i

p x(p)p~*

for all ®(s) > 1. Now L(s,x) # 0, as we could see by considering the product formula for L(s, x)
(which we did in Section 3.1.4). Therefore, by a calculation similar to the one in Section 3.1.4, this
time using Lemma 30, we obtain

log L(s,x) = —» log(1—x(p)p~*)
_ Z Zlm X —ms
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Next, we multiply by x(a) and sum over all characters y, arriving at

gf)(lq) > x(@)logL(s,x) = > > (Zx(a)x(pm)) p e

X p m=1 X
= > > milpm (33)
p m

where the sum over m runs over m € N such that p™ =, a.
On the right-hand side, we can pull out the m = 1 term to obtain

> pls +, (34)

p=qa

where |§| < ((2) for all s > 1, in the same way as before. On the left-hand side, consider the x = xo
term, where xq is the character corresponding w = 1. We have x¢(n) = 1 for all (n,q) = 1 and
Xo(n) = 0 otherwise, which implies that

Mo - =

1 _ —S
. xo(p)p oig oig

Since the finite product remains a finite quantity as s — 17, this diverges to oo because ((s) — 0o
as s — 17. Thus the y = xo term on the left-hand side diverges to co as s — 17.

If the entire left-side converges to infinity as well, then the sum szq “ p~! must necessarily
diverge, which would imply the existence of infinitely many primes congruent to a modulo q.
Dirichlet’s theorem will be proved! All we need to show is that the other terms (the x # x¢ terms)
are bounded, which is to say that lim,_,;+ L(s, x) € (0,00). Using continuity arguments similar to
those in the proof of the special case, we see that the limit is bounded and, in particular, equal to
L(1, x). Hence our proof requires only that

L(s,x) # 0 for all x # xo.

Proving this is the task of the next section.

3.1.5 Dirichlet’s proof (general modulus)

As in the proof of the case where ¢ is prime, we split our task into two subtasks.

Suppose x is a complex character. The first is to suppose x is a complex character; that is,
suppose that x(n) is complex-valued for some n € N. Then, as in the proof of the special case, we
consider Equation 33, evaluated at a = 1. (This equation holds for all a which are relatively prime
to ¢; we are trying to prove a property about L(s,x), so the fact that we are setting a = 1 does

not somehow restrict ourselves to a special case.) This gives us an analogue to Equation 17. The
right-hand side is nonnegative, so we have

> log L(s,x) > 0,
X

from which we conclude that that

H L(s,x) > 1.

The rest of the proof continues similarly.
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Suppose x is a real character The case where x is a real character (besides the principle
character yo) is challenging (as it was in the special case where ¢ was prime). We wish to prove
that L(1,x) # 0. To do this, we extend the definition of L(s, x) to all s € C. Throughout the rest
of this section, let s denote an arbitrary complex number with real part ¢ and imaginary part ¢, so
that s = o +it. By Theorem 1, L(s, x) converges absolutely for all & > 1. We now note a couple
of properties about the function L(s, x).

First, for all § > 0, the series L(s, x) converges uniformly for o > §. The proof of this is just like
the proof of the fact that ((s) converges uniformly (see proof of Lemma 8). Since the partial sums
of the series for L(s, x) are holomorphic functions, and since we could (again, easily) show that the
sequence of derivatives of the partial sums converge uniformly, we have the following result:

Lemma 33. L(s, x) is holomorphic for o > 1.
Using this corollary, we prove a crucial property of L(s, x). But first, we make a definition.

Definition 34. Let V and U C V be subsets of C. Let f : U — C be a holomorphic function
and F : V. — C be a holomorphic function such that F(s) = f(s) for all s € U. Then F is an
holomorphic continuation of f to V.

With this terminology, we state the following important property:
Theorem 35. L(s,x) can be holomorphically continued to o > 0.

Before we give the proof, we note that this theorem holds for x = x¢ as well, except that
L(s,x0) has a simple pole at s = 1. The proof, which is identical to the one below except for a
step at the end, might provide an exercise for the reader.

Proof. Let X(n) = 7 _; x(m). More generally, define X (x) =3 ., x(m), where the sum over
m runs over all positive integers less than or equal to x. Then, by Abel’s Lemma (see Appendix
A4.3),

L(s,x) = lim Zx(n)—

Y X (;_(Hll))

n=1

Next, we consider the fact that X (x) = X (n) for all x € (n,n + 1). This allows us to write

e n+1 o0
sX(x) X(z)
L(S,X) = E / Wdﬁﬂ =S . 1’5+1 dz.
n=1""

Now by Theorem 31,

q—1 2q—1
0= x(n) =Y x(n)= -
n=0 n=q

Hence X(z) is a bounded function. If M > 0 such that |X(z)| < M for all z > 1, then ¢ > 0

implies that
/ dr < M/ $1 = —,
1 1 :L-O'+ o

X(x)
xs—l—l
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which means this integral converges and takes on a finite value for all ¢ > 0. Furthermore, using
the Leibniz integral rule,

d * X(x) * X(x)
£L(s, X) = e dxr — s(s+1) s dx.
This is clearly convergent for o > 0, so L(s, x) is holomorphic for ¢ > 0, as claimed. O

We are almost there! Here is one more quick lemma:
Lemma 36. L(s, xo) has simple pole at s = 1.

Proof. We showed in the proof of Lemma 11 that (s —1){(s) — 1 as s — 1. (Specifically, we knew
that the limit in Equation 6 was finite, from which we concluded that (s — 1)((s) — 1 converged to
0 as s — 1.) Hence ((s) has a simple pole at 1. But we can write

1 1 —s
L(SaXO):l;Il_ngzlpgl_ps :C(S)g(l—P )-

Since only finitely many primes divide ¢, the product on the right will be finite if and only if {(s) is.
Hence L(s,xo) — oo as s — 11 because ((s) — oo in the same limit, and (s — 1)L(s, xo) remains
finite as s — 11 because (s — 1)((s) does. Hence L(s, xo) has a simple pole at s = 1. O

The proof of the theorem — which we have reduced to the claim that L(1,x) # 0 for all real
X # Xo — is in two steps. We define a function ¥ (s) on C and prove two properties of it in the
following two lemmas. Dirichlet’s theorem will follow immediately, as we show below.

Lemma 37 (The first ¢(s) lemma). Define the function 1(s) for all s € C by

_ L(s,x)L(s, x0)
w(s) - L(2S,X0) 0

If L(1,x) =0, then ¢(s) — 0 as s — %Jr.

Proof. By assumption, L(s, x) has a zero at s = 1. So by Lemma 36, L(s, x)L(s, xo) is holomorphic

at s = 1. By Theorem 35, L(s, x)L(s, xo) is, in fact, holomorphic for & > 0. Define 9 (s) for s € C

by

L(s,x)L(s, xo)
L(257X0)

Note that L(2s, o) is holomorphic for all ¢ > 3. So ¢(s) is holomorphic for all o > 1. Also,

because L(s, x)L(s, xo) is holomorphic at %, it is bounded at that point; hence, since L(s, xo) — o0
as s — % from the right, we have that ¢¥(s) — 0 as s — % from the right. O

P(s) =

Lemma 38 (The second (s) lemma). Given 1¢(s) as defined in the previous lemma, ¥ (s) > 1
forall%<s<2.

Proof. As we have seen previously, we can write

1
_p—s'

L(s,xo0) = H 1
plg
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So

L(2s, x0) H

pig

Now consider the product for L(s, x) = H (1—x(p)p~*)~L. If p| g, then x(p) = 0 (just as it is in
the product representation for L(s, x)), s

L(s,x) = H 1_;

. x(p)p~

Hence 1 (s) has the following product representation:

_ 1 _p72s
vie) = lpg (I=x@p=*)(1—p=*)

If x(p) = —1 for some p in this product, then the p-term is clearly 1. Hence we have

1—p2s 14+p=s
o= I e = I

x(p)=1 x(p)=1

where the product is understood to be over all prime p such that x(p) = 1. Now we recognize
(1 —p~*)~! as the sum of a geometric series with ratio p~*. Hence

U(s) = H1<1+pls> <§: <;>m> = I] (1”2;”5) (35)

x(p)= m=0 x(p)=1

If we wrote out this product as a series, every term would be of the form a,n~*® for some a, € C
and n € N. (If there are no terms in this product, which could conceivably happen if x(p) # 1 for
all prime p t ¢, then the empty product would equal 1, in which case our claim holds trivially.) Let

[e.9]

vls) =D o (36)

n=1

By Equation 35, we see that a,, > 0 for all n € N and that a; = 1.

Next, we consider another series representation of ¢(s), the Taylor series representation. Since
L(s,x)L(s, x0) is holomorphic for o > 0 and L(2s, x¢) is holomorphic for o > %, their quotient
(that is, ¢(s)) is holomorphic for o > 1. Hence if we center the Taylor series at 2, writing

O qp(m)
=y B o, (37)
m=0 ’

then the Taylor series converges for all [s — 2| < 3. We now calculate 1)(™)(2) using the Dirichlet
series, and substitute the result into the Taylor series, which will then provide us with the desired
estimate.

44



Using Equation 36, we have

’ _ G an

o0 an,

w//(s) _ 5(5 + 1) Z o t2
n=1

M) (g) = (—1)™ S

P(s) = (=1)"s(s+1)---(s+m—1) Z_:ln5+m’
as a simple induction argument would show. Hence
m m S an
Pm(@) = ()" m+ 1Y
n=1

If we let by, = (m + 1)3.°° a,n~ ™) then (™ (2) = (—1)™m!b,,. Substituting this into
Equation 37, we have

i 1) (s —2)™ :ime—s
m=0 =0

Now the fact that a,, > 0 for all n € N implies that b,, > 0 for all m = 0,1,.... Also, by = a1 = 1.
Hence for all s € (3,2), (2 — )™ > 0, from which we conclude

as desired. O

We have made it to the top of the mountain, and we are ready to make the last step. Let us
do so!

Theorem 39 (Dirichlet’s Theorem on Primes in Arithmetic Progressions). Let (a,q) = 1.
Then there exist infinitely many primes of the form a + gn where n € N.

Proof. By what we have shown, all we need to do is show that L(1,x) # 0 where x # xo is a
real character. We proceed by contradiction. Assume L(l X) = 0. Define the function ¥ (s) as in

Lemmas 37 and 38. Then by Lemma 37, ¢)(s) — 0 as s — 5 . But by Lemma 38, the limit of v (s)

+ ap s . .
as s — % — if it even exists — is greater than or equal to 1. Hence we have a contradiction, and

the theorem is proved. O

To state it once more, every residue class modulo ¢, in which each element is relatively prime
to ¢, has infinitely many primes.
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3.1.6 A probabilistic interpretation of Dirichlet’s theorem

Pick any pair of relatively prime integers a and g, say, 10'°° 4+ 1 and 10'°°. We have just proven
that there are infinitely many primes of the form

141099 14+2.10'° 14+3.10'%9 1 4+4.10'°, ...

This is amazing! The probability of randomly choose a prime between n - 10'%° and (n + 1) - 10100
is approximately

number of primes in range _ 7((n+ 1) - 10'°%) — 7(n - 10'%)
number of integers in range 10100
(n+1)-10100 n-10100
_ Tog((nt1)-1010) T Tog(n-10100)
- 10100

(n+1)logn —nlog(n+1)
1001og 10log nlog(n + 1)
(nlogn —nlogn+ 1)+ logn
1001og 101lognlog(n + 1)

This clearly goes to 0 as n — oo. So, in particular, the probability that 1 + n - 101 is prime goes
to 0. One interpretation of Dirichlet’s theorem is that this probability does not go to 0 too quickly.
For if it did, then after testing whether 14 n - 1019 is prime for all n € N, the expected number of
primes found might be finite. But Dirichlet’s theorem implies that the expected number — which
is equal to the actual number since what we have is really a deterministic space of outcomes — is
infinite!

The preceding discussion is the same if we replace 10'%° with any ¢ € i (besides 1) and 1 with
any a which is relatively prime to ¢. The purpose of choosing particular (large) values is to express
how amagzing this fact is.

We have proven that there exist infinitely many primes, and we have given an asymptotic
expression for how dense they are in the N. Now that we have proven that there are infinitely many
primes in (certain) arithmetic progressions, we would like to give a related asymptotic expression
for their density in N.

3.2 The Generalized Prime Number Theorem

We have provided answers (with proof!) to three of the four questions posed in the introduction:
How many primes are there?

Infinitely many! (Proofs due to Euclid and Euler.)

How dense are they?

The PNT says m(z) ~ z/logx.

Given an arithmetic progression (with (a,q) = 1), how many primes are there?
Infinitely many! (Proof due to Dirichlet.)

Our last question is: Given such an arithmetic progression, how dense in N are the primes
in that progression? What function might tell us the approximate number of primes less than
some fixed number in a given arithmetic progression? To begin, the actual value of the function
must be bounded above by m(x), for there cannot exist fewer primes less than z than primes of
a particular kind less than x. Let m,4(x) denote the number of primes less than or equal to z
which are congruent to a modulo q. Now given an prime p, p corresponds to a unique residue class

TQEOrO
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modulo ¢g. Since the p could only show up in a residue class whose members are relatively prime

to ¢, we must have that
m(z) = ) Tag(2),
a€ZL}

where the notation in the sum indicates a sum over all integers 0,1,...,¢ — 1 which are relatively
prime to q.

Beyond this, we are left to conjecture: what is m, 4(2)? One easy guess would be that m 4(x) =
m(x) and that 7, 4(x) = 0 for all a # 1. But this does not seem to be the case for small ¢g. For
example, when ¢ = 4, there are primes congruent to 1 (such as 5, 13, and 17) as well as primes
congruent to 3 (such as 7, 11, and 19). In fact, for small ¢, it appears that all residue classes
contribute primes. Then next natural conjecture might be that each residue class contributes
equally. Since 7, (), then, would not depend on a, we could write this function (approximately)
as mg(x). Furthermore, since there ¢(q) relatively prime residue classes modulo ¢, we would have

that
w(w) = Y Tag(@) ~mg(x) D 1 =mg(w)e(q)-
aEZ; aEZj;
Hence our conjecture is that
(@) ~ ) ~
mg(x) ~ —7(x) ~ — .
! ¢(q) ¢(q) logw

Because this is a statement of the Prime Number Theorem when ¢ = 2, we call this (for our
purposes) the generalized Prime Number Theorem, or gPNT.

The proof of the gPNT given in [So] is parallel — step for step — to Zagier’s presentation of
Newman’s proof. I omit it here, and instead discuss why we have a good reason to be optimistic
about our conjecture. We prove two lemmas here, then we prove a theorem, which follows trivially
from the gPNT and does not quite prove the gPNT, but it has independent interest. This discussion
follows that in [C].

Lemma 40. As s — 1T,

Proof. From Equation 13 that
1
log{(s) =) o T 06),
P

where [6(s)| < ¢(2). We also know from the proof of Lemma 11 that (s —1){(s) — 1 as s — 17.
Hence

1
1 + (51(8),

1
1—5(5)—10g8_

S —

Zpls = log((s — 1)((s)) + log

p

where 61 (s) remains bounded as s — 1*. Dividing by log(s — 1)~! and taking s — 1% proves the
lemma. O

The next lemma is similar.

Lemma 41. Ass — 1T,




Proof. From Equations 33 and 34, we have that

1
?(q)

1 —_ 1
log L(s, x0) + 2o > x(a)L(s,x) =) o T 8() (38)

X7X0 P=qa

where again (s) remains bounded as s — co. Now we proved that the sum over x # xo remains
bounded as s — 1T — that was the hard part about proving Dirichlet’s theorem! Furthermore, we
proved in Lemma 36 that (s —1)L(s, xo) is bounded as s — 17. From our proof it is also clear that
(s — 1)L(s, x0) does not converge to 0 as s — 17. Hence log((s — 1)L(s, x0)) remains bounded as
s — 17. Rewriting Equation 38 and combining the terms which remain bounded as s — 17, we
obtain

00) Y o5 = Tog(s = DE(sx0) +log — + 3 X(@L(s0) — 303
pP=qa XFX0

+ da2(s),

= 1
Ogs—l

(

where d2(s) remains bounded as s — oo. Dividing by log ¢ — 1)~! and taking s — 17, we obtain
our lemma. 0

When we combine Lemmas 40 and 41, we obtain the following result:

Theorem 42. For relatively prime integers a and q, the primes in the arithmetic progression
{a+ qn}>2 are evenly distributed in the following sense:

=P’ 1
2Zp=e — as s — 17, (39)

>, ¢(q)

Hence the primes really are, in some sense, evenly distributed among the residue classes.
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A Appendix

Given the length of the main proofs in this exercise, I felt that it was appropriate to put off proving
some of the facts I used until later. Thus we have this appendix. Some of the sections are purely
technical, and others are definitional. There are some gems to be found here, however, such as the
theorems proven in Sections 49 and A.4.4.

A.1 Complex Integration and Differentiation

In this section we give some definitions which are required to state two important theorems from
complex integration theory, Cauchy’s Residue Theorem and the Deformation Invariance Theorem,
both of which we use earlier. The definitions and proofs can be found in [Sa]. Also, we discuss the
methods by which one proves that a function is differentiable.

A.1.1 Complex Integration

A domain D is an open subset of C that is also connected. A contour C (for our purposes) is a
continuous parameterizable curve in a domain D that is differentiable except possibly at finitely
many points; that is, C' is a curve for which there exists a continuous bijection s(¢) from [0, 1] onto
D such that s'(t) exists for all ¢ € [0,1] \ A where A is a finite subset of [0,1]. Finally, a contour
integral [, f(s)ds is defined just as a line integral is in multivariable calculus; we let s(t) be a
parameterization of C' and write

/. s =3 / F(s(t)s ()t

and integrate, where typ = 0 and ¢, = 1, and where ¢1,...,¢,_1 are the points (if there are any) at
which s(t) is not differentiable.

Now line integrals over R? and contour integrals over C are not entirely the same; in fact, our
analogies end here: the key difference is related to the notion of homotopy. Two contours C and
Cy are homotopic in a domain D if there exists a continuous function s(s,t) such that

C1 = {s(0,t):te(0,1]},
Cy = {s(1,t):te[0,1]},

and s(s,t) € D for all (s,t) € [0,1] x [0,1]. With this definition we have the following:

Theorem 43 (Deformation Invariance Theorem). If f(s) is holomorphic on a domain D,
and if C1 and Cy are homotopic contours in D, then fCl f(s)ds =€¢, f(s)ds.

I omit the proof, as it is proven in most introductory courses on complex analysis, including
the one taught at Kenyon.

Theorem 43 is so far from true for line integrals in R?, that it seems impossible that it is true for
contour integrals in C. The difference only becomes clearer as one learns more about integration
over C. Another amazing property of contour integrals in C is Cauchy’s Residue Theorem. To
state it, we need a few more definitions. A contour is simple if the parameterization s(t) of it is
one-to-one on [0,1). A closed contour is one for which the ends of the contour meet: s(0) = s(1). A
simple closed contour, therefore, is a loop in the complex plane that does not cross itself. Finally,
a positively oriented contour is less easily defined. For our purposes, such a contour is defined as
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a simple closed contour such that s(t) moves in a generally counterclockwise direction around the
contour as t increases.
Finally, if f(s) has a pole of order j at s;, then the residue of f(s) at s; is

dmfl

Res(f,s;) = lim (m — 1) dsm—1

((s = 55)"f(s))-

This large expression is quite simple in the case that f(s) has a simple pole — that is, a pole of order
1 — at s;, because in this case, we have Res(f, s;) = lims_.s,(s — j) f(s). With these definitions, we
state this amazing theorem.

Theorem 44 (Cauchy’s Residue Theorem). Let D be a domain in which f(s) is holomor-
phic except at the points si,...,S,, and let C be a simple closed positively oriented contour in D
containing some of these points, say, wi, ..., Wy. Then

/ f(s)ds = 2m’§:Res(f, Wg)-
¢ k=1

If there are no such points wy, (or si), then the value of the integral is 0.

Once again, we omit the proof, as it is on the syllabus of most introductory complex analysis
courses.

A.1.2 Complex Differentiation

The property of function which is complex-differentiable at a point s goes by many names: complex-
differentiable at s, analytic at s, holomorphic at s, and regular at s. We use the third option.
There are many ways one can prove that a given function f is holomorphic, some of which are
quite obvious: show f = g+ h or f = gh for holomorphic functions g and h, etc. Here is a method
which is useful for the purpose of this exercise:

Theorem 45. If f,, is a sequence of holomorphic functions such that f, — f uniformly and f], — g
uniformly, then % = g. That is,
dfp

ds e T = A2 s

One surprising fact about complex differentiation is the following:

Theorem 46. If a function is holomorphic at s, then derivatives of all orders exist at s.

This is not true about real differentiation! The existence of the first derivative does not imply
the existence of the second derivative! Some facts in complex analysis seem too good to be true —
but they are! This one in particular was used multiple times in this exercise.

A.2 The Leibniz Integral Rule

We prove the following theorem, which has theoretical uses (see the proof of Theorem 5) and
practical uses (as an integration tool!). It is stated as follows:

Theorem 47 (The Leibniz Integral Rule). Let a(s) and b(s) differentiable real-valued functions
on C, and let f(s,t) be a complez-valued function defined on C x R. Assume that a(s), b(s), and
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f(s,x) are differentiable with respect to s, that f(s,x) is continuous with respect to x, and that
aif(s x) is integrable with respect to x. Then

b b
o [ teoto= [ 5 fsopde = fs.0) % + F0)%

Proof. Let I = f; f(s,x)dx. Regard I as a function of a, b, and s. Then note three things:

1. Since f(s,x) is continuous in z, the Fundamental Theorem of Calculus implies that

ol
P / f(s,z) —f(s,a).
2. Similarly, we have
oI
% = f(S, b)

3. Fix some s. In the case that a(s) = b(s), it follows trivially that

3}
a—fsab /fsa:dx 0= /a S, ) (40)

Now suppose that a(s) # b(s). Let € > 0. Since f(s,x) is differentiable with respect to s,
there exists 0 > 0 such that

’f(s’,:n) — f(s,2)

s’ — s

€
|b—a

- gsf(svx) <

whenever |s" — s| < ¢. Fix such a d, and let s’ € C such that |s' — s| < d. Then

) _/ba
I’ —5] dx i (s,x)dx

/ab <f(s’,|:i)/—£|(s,x) _aasf(ij)> e

which is less than or equal to
booe
dx < / —dx =e.
a |b - CL’

/b f(8,737)_f(57x) 9
lim ") — 15 2) g /b 2f(s,ac)dac.

|s" — s|  Os
Thus we conclude that
s'—s Jq ’8/ — S‘ 0s

is equal to

f(s,x)

Now the left-hand side of this expression is equal to

b b
_ (fa f(s' w)de — [ f(s, fﬂ)dl‘) _I(s',a,b) — I(s,a,b) O
lim — = lim — = —1I(s,a,b).
s'—s |S 8‘ s'—s ‘S S’ 0s

So Equation 40 holds for a(s) # b(s) and, therefore, always.
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So the partial derivatives of I(s,a,b) with respect to s, a, and b exist. Therefore, since a(s) and
b(s) are differentiable, the we can apply the chain rule to differentiate I(s,a,b) with respect to s:

ﬂ 8[ + oI da n g @
ds dads ' Obds
db

d
= / (s,x da:—f(s,a)d—: —{—f(&b)%

This proves the theorem. ]

In the case that a(s) and b(s) are constants, then a’(s) = b/(s) = 0, and we have the (more)
common special case:

Corollary 48. If f(s,x) is a complexz-valued function defined on C x R such that f(s,x) is differ-
entiable with respect to s, f(s,x) is continuous with respect to x, and %f(s,x) 1s integrable with

respect to x, then
d [® b9
& [ e = [ s aa

A.3 Useful algebraic concepts and facts

We prove two group-theoretic facts in the first two sections of this appendix, and in the third
section we define the Legendre symbol, and give the method one uses to compute them: quadratic
reciprocity. The first two sections follow [Ap], and the third section follows [L]. I must make a
cautionary note here: my proofs which follow [Ap| are quite close to the originals, which are very
beautifully conveyed. Though I do not feel as though I have done justice to the exposition in [Ap], I
have nevertheless shamelessly included the proofs here. My reasoning was not, in this case, because
I added anything to the original presentation; rather, this inclusion ix both for completeness and
for myself. By working through these theorems, I understand two important theorems from group
theory which I would otherwise not know.

A.3.1 The multiplicative group Z,. is cyclic for all odd prime p

We prove that Zj. is cyclic for all odd primes p and o € N. In fact, Z3, Zj, and Zja (for odd
primes p and « € N) are also cyclic; interestingly, these are the only other cyclic groups of the form
Zy. All of this is proven in [Ap], but we only prove here what we need for this exercise. We start
by proving that Z; is cyclic for all primes p.

Lemma 49. Let p be an odd prime. Then Z;, is cyclic.

Proof. We assume two facts from elementary group theory: that the order |a*| of a* is equal to
|a|/ ged(|al, k) and that }°;,, ¢(d) = n, where the sum is over the positive divisors of d and ¢(d) is
(as usual) the Euler totient function.

For each d|p — 1, define A(d) = {z € Z; : |z| = d}, where |z| denotes the order of = in Zj.
Since every element z € Z, has a unique order which divides |Z;| = ¢(p) = p — 1 (by Lagrange’s
theorem), the collection of A(d) partitions Zj. Hence }_;, ;|A(d)| = p — 1. From our assumed
fact from group theory, we have

Y (6(d) — |A@)]) =0. (41)
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We claim that ¢(d) = |A(d)| for all d|p — 1. To obtain this from Equation 41, we prove that either
|A(d)| = 0 or |A(d)| = ¢(d). This would imply that ¢(d) —|A(d)| > 0 for all d|p — 1, in which case
we have equality in Equation 41 if and only if ¢(d) = |A(d)| for each d|p — 1.

So fix some d|p — 1 and suppose |A(d)| # 0. Then choose some a € A(d). Then |a| = d, so

al =, 1 and no smaller power of a is congruent to 1 modulo p. Hence a,a?,...,a? are d distinct
elements, all of which satisfy z¢ — 1 =, 0. Since the polynomial % — 1 has as most d solutions
in Z,,, every solution is of the form a* for some k = 1,...,p — 1. Therefore, since every x € A(d)

satisfies 27 — 1 =, 0, A(d) is a subset of the set generated by a. We can express this as

Ald){a® : k=1,....d; |a*| = d}.
But |a*| = |a|/ gcd(|al, k) = d/ ged(d, k), as one proves in elementary group theory, so |a*| = d if
and only if ged(d, k) = 1. So A(d) is a set, indexed by all k =1,...,p — 1 such that ged(k,d) = 1.
Hence |A(d)| = ¢(d), as claimed.

What does this have to do with proving that Zj is cyclic? Well, |A(d)| = ¢(d) for all d =
1,...,p— 1, so, in particular, |A(p — 1)| = ¢(p — 1). Since 1 is relatively prime to every natural
number, ¢(p — 1) > 1, and since A(p — 1), the set of elements in Z; with order p — 1, has at least
one element, there exists an element in Z; with order p — 1. This element, having order p — 1 must

generate a subgroup of Z; with p —1 = ]Z;; elements; hence, this element generates Z,, and the
proof is complete. O

Next we prove another lemma, which is of little interest besides the fact that we need it:

Lemma 50. Let p be an odd prime. If g is a generator of Z, such that gP~! Fp2 1, then for all
a> 2, g¢(pa71) Fpo 1.

Proof. Let g be as given. We proceed by induction on a. For o = 2,

a—1 o
g?®* ) =, g?®) =Y 1 #p2 1,

so the base case holds. Now suppose g¢(pa71) #pe 1 for a. Considering g as an element of Zya-1,
we have by Lagrange’s theorem that |g| divides ¢(p®~!). So g¢(pa71) =pe-1 1. Translating this
congruence into a fact that holds in Z, we have

g?" ) = 1 4 gprt (42)

for some k € Z. But by our induction hypothesis, p 1 k because g¢(pa71) #pa 1. That p { k is
crucial, as we will see in a moment.
Using Equation 42, ¢®®"). Since

() =p* " p—1)=p(p*2(p—1)) = po(p* "),

we have

g — (g¢><pa—1>)” — (1 + kp )P,

Expanding this binomial yields

g*" = T4 php* T+ %p(p ~D(kp*h)?
F5po = 1)(p = 2) (k™) 4+ (b
= 1+kp®* + K <p;1> P+ p?
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for some integer t. Now o > 2, so 2o — 1 and 3a — 3 are both at least o + 1. Hence p®*! divides

both p?*~! and p**~3, which implies ¢g¢®") =pat1 1 + kp®. Recalling the key property about k,
namely, that p t k, we have that g¢(pa) Zpe+1 1, and the induction is complete. ]

We now prove the main theorem of this section:

Theorem 51. Let p be an odd prime, and let o > 1. Then the following hold:
(a) If g is a generator of Z,, then g generates Zyo if and only if gP! Fp2 L.
(b) One of the generators of Zy, satisfies gP ! Zp2 1.

c¢) There exists a generator of Z}«; that is, Z’a s cyclic.
g - . y

Proof. We prove (a) first. By Lemma 49, Z; is cyclic. Let g be a generator of Z;. If g in fact
generates Zpo for all @ > 1, then g generates Z;;Q, which implies gP~* #p2 1 because p — 1 < 2.

Now suppose that gP~* #p2 1. For a = 1, then, g generates Zyo = Z,. So consider a > 2. We
need to show that g generates Zj. or, equivalently, that |g| = ¢(p®), where |g| is the order of g in
/s

We have that gl9! =y 1, so gld! =p 1. Since g is a generator of Zj, gldl =, 1 implies that
lgl = 0 modulo ¢(p) = p — 1, the order of Zy. So ¢(p) divides [g]. Write |g] = m¢(p). By
Lagrange’s theorem, |g| divides ¢(p®), the order of Z}, so m¢(p)|¢(p®). Since ¢(p) = p — 1 and
#(p®) = p*~L(p—1), this implies m(p—1)|p*~(p—1). If we rewrite this as p*~1(p—1) = m'm(p—1)
for some m/ € Z, we see that m|p®*~!. So m = pP for some 3 =0,1,...,a — 1. We will be done if
we can show that § =« — 1, for this would imply that

gl = mé(p) = p°(p— 1) = p*~(p — 1) = $(p°).

We proceed here by contradiction. Specifically, assume that § < o — 2. Then |g| = p®(p — 1)
divides p®~1(p — 1) = ¢(p®), which implies that g¢(pa71) =po 1. Since a > 2, since g generates
Zy,, and since gP~! #,2 1 by assumption, Lemma 50 implies that we have a contradiction. Hence
(6 = a — 1, which is sufficient, as we proved above.

To prove part (b), we let g be a generator of Z;. (Again, a generator exists by Lemma A.3.1.)
If gP—1 Zp2 1, then g generates Z. by (a). If, on the other hand, gPt =,2 1, then (g +p)P~t Fp2 1,
as we will show. Since g+p =) g, g+p is a generator of Zy, so (a) would imply that g+ p generates
/s

To show that (g + p)P~' #,2 1, consider that

_ _ 9 1 _ _
(9P =g 0= Dg" " + 5P (- NP =D+ P

Now if we reduce this modulo p?, then the right-hand side becomes 1 + p(p — 1)g?~2. So we have

(g+p)P~t-1 =,2 p(p— 1)gP~2. Since g generates Zy, we have that p { gP~2, from which we conclude

that p? { p(p — 1)g?~2. Hence (g +p)P~ ' -1 #,2 0 or, equivalently, (g + p)P~1 #p2 1, as desired.
Part (c) clearly follows from (a) and (b), which concludes the theorem. O

A.3.2 The multiplicative group Z3. for n > 3 is generated by 5 and —1.

We prove the useful fact that, although Zso is not cyclic, it is generated by the elements 5 and —1.
To do this, we first show that the order of 5, denoted by |5], is 2%~2.
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Since |5| divides the order ¢(2%) = 297! of Zga, |5| = 28 for some § = 1,2,...,a — 1. Now
write 5 = 1 + 22 and consider that

1
52 = (1+2%)% = 142022 ¢ 5227 - 1@+ 4 927"
So
527 — 1 = 2042 4 9f 3, — 9B +2(9p 4 1)
for some integer . Now since |[5| = 27 in the group Zsa, we have 52° = 1 modulo 2% So

2% | (52ﬂ — 1), from which we conclude that 2% | 252 since 2r + 1 is odd. Hence a < 8+ 2, or
B > a — 2. To conclude that § = o — 2 (as opposed to § = a — 1), we note that § = a — 1 would
imply that |5| = 2%~!, which is the order of the group, which in turn would imply that 5 generates
the group. But no power of 5 is congruent to 3 modulo 2% since all powers of 5 are congruent to 1
modulo 4 whereas 3 =4 1.

Thus |5| = 2272, and hence {5,5%,... ,52a_2} is a collection of 22 distinct elements. Now
consider the collection {—5,—52,...,—52%2}. Since negation is a one-to-one function, this is
another collection of 222 distinct elements. Moreover, the first collection is made up of elements
congruent to 1 modulo 4 whereas the second collection is made up of elements congruent to —1, or
3, modulo 4. Hence the union of these two collections, which is the set generated by 5 and —1, is
a set of 2-2972 = 22~ distinct elements. Since Z3. has exactly this many elements, we conclude
5 and —1 generate Zga.

A.3.3 The Legendre Symbol

Given a prime p, consider the group of units Z,. For example, let p = 7. We might ask which
of the elements in Z7 are squares in Zr, or quadratic residues modulo 7. Computing, we see that
11'=1,22=4,32=2,42=2,52=4,and 62 =1. So 1, 2, and 4 are called quadratic residues
modulo 7, and 3, 5, and 6 and called quadratic nonresidues modulo 7. Note that there are equally
as many quadratic residues as nonresidues. As it turns out, this is always true when Z, is cyclic
but ¢ # 2 or 4:

Theorem 52. If Z; is cyclic bul not Z3 or Zj, then exactly half of the elements are squares.
Equivalently, if ¢ = p* or 2p® where p is and odd prime, then there are ¢(q)/2 quadratic residues
(and therefore ¢(q)/2 nonresidues) modulo q.

Proof. Since Zj is cyclic, there exists a generating element g such that
2 2
Z; _ {gm}g;(i)l _ {QQm}f@(i)l/ U {gzmﬂ}?n(i)l/ '

From this it is clear that at least half of the elements are squares. On the other hand, 2? = (—z)?
for all z € Z, so if x # —x for all x € Zg, then at most half of the elements would be squares.
Hence exactly half would be squares in Z;. But if z =; —z for some z € Zj, then 2z =; 0, which
implies that ¢, which is p® or 2p®, divides 2x. Hence we would have that p, an odd prime, would
divide z. But this would imply that x ¢ Z7, a contradiction, so the theorem is proved. ]

Legendre came up with some handy notation for dealing with quadratic residues:

Definition 53. For all odd primes p, define the Legendre symbol (%) for alln € N by

n 1, if n is a quadratic residue modulo p;
<> =< —1, ifn is not a quadratic residue modulo p;
p 0, ifpl|n.
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2

Note from this definition that (%) =1= (%)2 for all n which are not divisible by p, and that,
2

if p | n, then (”7?) =0= (%)2. So (%) = (%)2 for all n € Z. As it turns out, a stronger fact holds:

(%) = (5)(3) for all m,n € N. We enumerate this and a few other important properties of the
Legendre symbol here:
Theorem 54. Let p and q be odd primes, and let m and n be integers. Then the following are true

of the Legendre symbol:

()= (%) (3):

o

/. %) (%> = (—1)P-D(a=1)/4,

Proof. We gave a proof of 1 above for the special case of m = n; we refer the reader to [L] or [Ap]
for a proof of the general case. The second fact follows because the Legendre symbol is computed
using information about m + p and m as elements in Z,. But m + p and m are the same elements
in Z,,, so the Legendre symbol involving each is the same.

The third and fourth points, or sometimes just the fourth point, are called the quadratic reci-
procity law. I read my first proof of this fact in [Da], but others are found in [L] and [Ap]. O

Using this theorem, it is clear how we could compute the Legendre symbol of any odd integer n
modulo p. We would first factor the integer and use the multiplicativity to rewrite (%) as a product
of symbols (1) over all (odd) primes g|p. If n is negative, we would use part 3 to calculate the ( _?1)
term. For the remaining terms, we could use part 4 to “flip” each (%) for which ¢ < p into i(%) SO
as to make the computation easier. Finally, one starts squaring elements in Z,, and other various
Zy until all of the symbols are computed. To see an example, see our calculation in Equation 26.

A.4 Carefully considered convergence issues

A general rule I have learned and now live by — at least when I do mathematics — is, be careful, no,
be very careful when you see infinities in your mathematics. To be sure, we have been very careful
this entire time. Only at a few points in this exercise have we taken a slippery step or two. To give
some traction to these steps, I have added this appendix.

A.4.1 Infinite products

Although we see infinite sums (which we call series) in our calculus courses, we seldom see infinite
products. In contrast to a first or second calculus course, infinite products abound in complex
analysis. Convergence issues are translated into convergence issues about series, which we under-
stand very well. This appendix contains a brief overview of infinite products and their convergence
properties. The presentation follows [Ah].

An infinite product P = [[,2 py is defined as the limit of the partial products P,, = [[}_; p-
This is similar to the definition of an infinite sum. However, there is an added technical requirement.
An infinite product is convergent if at most finitely many p, are zero, and if the product of
the nonzero terms converges to something finite and nonzero. There are good reasons for these
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technicality. For example, a series has just one zero, all of the partial products (past a certain
point) are zero — no matter what the other terms in the product are!

Note that, for a convergent product, p, = P,/P,—1 — 1 as n — oco. With some thought, we
would expect this; it is analogous to the fact that the terms in a convergent series converge to 0.
Hence it makes sense to let p, = 1+ a, for all n € N.

Consider a convergent product in which every p, =1+ a, # 0. We can consider

log [T (1 + an) =) log(1 + an). (43)
n=1

n=1

(To prove this equality, one considers the partial product from 1 to NN, uses the corresponding
property of logarithms of finite products, takes N — oo, and uses the fact that logarithms are
continuous functions.) As it turns out, the infinite product converges if and only if the series
converges. In this way, the problem of testing for convergence in an infinite product is reduced to
testing for convergence in a series.

An infinite product absolutely converges if the corresponding, given in Equation 43, absolutely
converges. Since the series involves logarithms, testing for absolute convergence might be difficult.
Fortunately, we have the following theorem:

Theorem 55. An infinite product [[72,(1 + ayn) converges absolutely if and only if the series

Y on2, an converges absolutely.

With these definitions of convergence being so closely tied to the definitions of convergence for
a series, statements about termwise differentiability of series, for example, are easily translated
translated into statements about termwise differentiability of products.

A.4.2 Combining absolutely convergent series

If the sums ), ar and ), by are finite sums over the same index k, then
Z(ak + bk) = Zak + Z bg.
k k k

We would like to say the same about series:

Theorem 56 (Adding absolutely convergent series). Let Y .-, ar and > ;- by be absolutely

convergent series. Then
o o0 oo
D lan+b) =D ar+> by,
P k=1 k=1

and this converges absolutely.

Proof. For all n € Nlet rp, = > 0  ak, Sn = Y poq br, and ¢, = > p_(ag + bg) = 75 + Sn. By
hypothesis, r,, and t, converge as n — o0, so

o0 e8]
lim (r, + s,) = Jim 7, + lim s, = Zak + Zbk-

e k=1 k=1
On the other hand, this limit is equal to
)
lim t, = ;(ak + bg).
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So the first part of the theorem is proved. To show that the convergence is absolute, consider that

o o o0 (o ¢]
S ak + bkl <> (an] + Be) <D larl + > bl
k=1 k=1 k=1 k=1
which is finite by the theorem’s hypothesis. ]

Next, we consider whether we can multiply series in the natural way. We prove the following
theorem:

Theorem 57 (Multiplying absolutely convergent series). The product equality

Z Zajbk = Zaj (Z bk) (44)
j j=1 k=1

holds and the sum on the left-hand side converges absolutely.
Proof. Using the same notation for r,, and s,, and letting
n oo
tn = Zzajbk = T'nSn,
j=1k=1

the fact that r, and s, converge as n — oo implies

o o0

ZZajbk = lim ¢, = ( lim rn) (lim sn> .
n—oo n—oo n—oo

j=1 k=1

This proves Equation 44. To prove absolute convergence, consider that, for all n € N,

ii‘%bﬁ: jZ:\aj\ (é’bH)S g\aj\ (iw).

=1 k=1

The absolute convergence of the sums r, and s, imply that the right-hand side is finite. Hence the
left-hand side is bounded for all n € N, which proves that the limit as n — oo is finite. O

A.4.3 The Dirichlet test for convergence

[T}

We first prove a finite analogue to integration by parts. Our functions “u” and “v” will be the
sequences defined on the nonnegative integers.

Theorem 58 (Abel summation). If (ax) and (bg) are sequences of complexr numbers, and if
(Ag) is the sequence of partial sums of the terms in (ay), that is, A, = > ;_, ak, then

n n—1
D arby =Y Ap(by — b)) + Anby
k=1 k=0

for alln € N.
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Proof. We proceed by induction on n. For n = 0, the sum on the right-hand side is empty, so the
base case is trivial. Now suppose the equality holds for n. Then, using our induction hypothesis
right away, adding and subtracting A, (b, — b,+1), and replacing A,, + ap+1 by Ap+1, we obtain

n+1 n
doaby = > Ap(bk = bry1) + Gng1bop
k=0 k=0
n—1
= Z Ak(bk - bk+1) + Apby, + An+1bny1
k=0
n
= Z Ak(bk - bk+1) - An(bn - bn+1) + Apbp + any1bngr
k=0
n
= Z Ag(br, — bpy1) + (A + ang1)bry1
k=0
(n+1)—1
= Z Ap (b, — bry1) + Apy1bpgr.
k=0
We recognize this as our claim for n + 1, so the result follows by induction. O
By setting ag = a1 = -+ = a;, = 0, we have that Ag = A; = --- = A, = 0, from which we

derive the following corollary:

Corollary 59. Let (ay), (bn), and (by,) be as given in Theorem 58. Then

n

n—1
> arbk= Y Ax(br —bpi1) + Anby
k=m-+1 k=m+1

for alln > m.

The reader should now recall the alternating series test for the convergence of series. It says
that if ¢, = (—1)"b,, for all n € N, where the b, are decreasing and converging to 0 as n — oo,
then the series )~ ¢, converges. The theorem below is a generalization of this test. In short,
it states that the (—1)" in the definition of ¢, can be replaced by any sequence a, as long as the
partial sums ) ;'_; aj remain bounded as n — oo.

Theorem 60 (Dirichlet’s test for convergence). Let (ay,) and (b,) be sequences in R such that

n
D a

k=1

o there exists M € R such that < M for alln e N, and

e b, decreases and converges to 0

o
Then the series E anby, converges.

n=1

Proof. Since R is complete, proving that the series converges is equivalent to showing that it is
Cauchy. Since we do not know (or care) what the point of convergence is, it will be easiest to prove
that the sequence is Cauchy and use the completeness of R to conclude the theorem.
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To this end, let € > 0. Since the partial sums are bounded, let M > 0 such that |A4,,| < M for
all n € N. Now b, — 0, so there exists N; € N such that |b,| < €/(3M) for all n > N;j. Also,
the sequence (by,) is necessarily Cauchy (because it converges!), so there exists Ny € N such that
n > m > Ny implies that b, — b, = |by, — bn| < €/(3M). Choose N € N to be larger than N; and
Ns. Then for all n > m > N, using Abel’s summation lemma, we have

n m n—1 m—1
Z akbk — Z akbk = Z Ak(bk — bk+1) + Anbn — Z Ak(bk — bk+1) — Ambm
k=0 k=0 k=0 k=0
n—1
< D Ap(be = biern) | + [ Anbn| + [Ambum|
k=m

n—1
< M by — bea| + Mlbn| + M|bp.

k=m

Now (by,) is decreasing, so S 0= by — bpa| = 3728 (b — bgy1) = by — by < €/(3M) by our choice
of N. Also by our choice of N, |b,| and |by,| are less than ¢/(3M). So

Z apby — Z aby,

k=0 k=0

<30 (5) 3 () + 3 i) =<

Hence the partial sums form a Cauchy and, therefore, convergent sequence. This is what it means
for the series to converge, so our proof is complete. ]

A.4.4 The Taylor series for —log(l — z) converges for all z # 1 such that |z| <1

That this series converges for |z| < 1 is obvious by comparison the geometric series z". The
convergence for |z| = 1 follows from Dirichlet’s test for convergence since

1. n~! decreases and converges to 0 as n — oo, and
2. 350 2" =32 € for some 0 < ¢ < 27, and the series on the right is bounded.

n=1

The proof of the second point shall be my final treat for the reader. We do this by proving the
following theorem:

Theorem 61. Let 6 > 1. Then
o0
Z 62m'n/49
n=1

1s bounded.

Proof. First note that if 8 is an integer, then the sum of any consecutive 6 terms — which are 6-th
roots of unity — is 0. Intuitively, then, for general 6, the sum of || consecutive terms should be
about 0. So to prove this fact, we first consider partial sums up to integer multiples of |#]| and
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break the sums up into blocks of |#] terms. That is, for all m € N,

m|6)] m—1 (j+1)[6]
ZeQWin/G _ Z e27rin/0
n=1 7=0 n=j5|0]+1
m—1 16]
_ Z 627Tin’/9627rij|_9j/9
7=0 n'=1
ml( 2 ww)j < ( 2 '/9)”’
— e U e e ,

where we have reindexed the inner sum by the variable n’ = n — j |#]|. Note that, for § € Z, the

second term in the product is 0, and hence the whole sum is 0. For 6 ¢ Z, |6 /6 is not an integer,
and hence, after evaluating the geometric sums,

— 1 — e2mil0]/6 1 — e2mi/0

where f(0) = (62“/ 0 _ 1)_1 is a function of # and is independent of m. Therefore, for all N € N,
we can use the division algorithm to write N = m 6] 4+ r where 0 < r < |#]| and conclude that

< 1+ DIfO),

N ' m|0] ' m|0]+r 4
ZeQﬂ'm/e < Z 6271'171/9 + Z 627rm/9 < 2’.]0(0)’ +r< 2’.]0(0)’ + LHJ )
n=1 n=1 n=m|6]+1
Given any 6, therefore, the series Y > | e2mn/0 ig hounded, as claimed. O
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